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1.1 In both pictures the dotted line represents the drop profile after evapora-
tion and the solid line represents the drop profile before evaporation. Both
drops are identical to start. Figure A shows a droplet with a constant con-
tact angle. As the drop evaporates, the contact line moves inward. Figure
B shows a drop with a pinned contact line. The angle that the droplet
makes with the substrate decreases with evaporation. . . . . . . . . . . 2
1.2 Figure A shows a wetting droplet where the contact angle between the
substrate and the liquid is less than 90◦ (measured inside the liquid).
Figure B shows a non-wetting droplet where the contact angle is greater
than 90◦. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.1 This figure shows the problem domain. Please note that this drawing
is not to scale (as the r = R position is almost equidistant from r =
0 and r = 20R). The domain VI(t) is the liquid drop domain. Also
note that both domains change with time because as the drop evaporates
the interface location changes. In the VI(t) domain the momentum and
continuity equations are solved (Equations 3.1 and 3.2). The VII(t) domain
is outside of the liquid droplet, where the Laplace equation solves for the
concentration of vapor outside the droplet (Equation 3.3). Sections A.1
and 3.12 demonstrate how each domain (VI and VII) is divided up to
reduce the simulation time. . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2 This figure shows the evaporating droplet system that is studied. Please
note that this drawing is not to scale (as the r = R position is almost
equidistant from r = 0 and r = 20R). The domain VI(t) is the liquid drop
domain. Also note that both domains change with time because as the
drop evaporates the interface location changes. In the VI(t) domain the
momentum and continuity equations are solved (Equations 3.1 and 3.2).
The boundary conditions for this domain are green. The VII(t) domain
is outside of the liquid droplet, where the Laplace equation solves for the
concentration of vapor outside the droplet (Equation 3.3). The boundary
conditions for the Laplace equation are given in blue. . . . . . . . . . . 15
3.3 The maximum packing for spheres is 70% by volume . . . . . . . . . . 26
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3.4 Isoparametric mapping transforms an irregular element (left) to a standard
one (right), using a Jacobian for the transformation. The numbers within
each circle represent the local node number. . . . . . . . . . . . . . . . 34
3.5 On the left (Figure A), the elliptic mesh functions f and g vary linearly
from 0.3 to 1, creating a mesh that is focused at the liquid-gas-solid inter-
face. In On the right (Figure B), f and g are constant and the mesh is not
weighted. A weighted mesh decreases the total number of elements needed
to accurately model this problem, reducing the computational time. Both
figures have 225 elements within the droplet. . . . . . . . . . . . . . . . 43
3.6 To reduce the bandwidth, and consequentially the computational time to
solve this problem, the above numbering scheme was employed. In red (the
lower right corner of each element) is the local element number (which
restarts in each region). In black (the upper left corner) is the global
element number. The thick black lines represent the region boundaries. 45
3.7 Similar to the element numbering, the global nodal numbering was chosen
to reduce the computational time. In the simulations completed for this
work, the number of nodes was much greater than shown in this numbering
example, but the global nodal number scheme was the same. . . . . . . 46
3.8 I would like to thank PolySciences, Inc. for donating the particles used in
these experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.9 The drop evaporation experiments were performed in this box which was
purged with dry air before the start of the evaporation. . . . . . . . . . 48
3.10 This is figure shows the setup for the pendant and sessile drop experi-
ments. The sole difference between these two experiments is the direction
of gravity. A micropipet is used to deposit the droplet onto the substrate
in both the sessile and pendant systems. . . . . . . . . . . . . . . . . . 49
4.1 Figure A: In the solid gray line is the analytical expression for evaporative
flux by Deegan et. al. (Equation 4.1) [80]. In the dashed green line is the
transport model written for this work. Figure B: In the solid dark blue
line is the analytical expression for evaporative flux by Hu and Larson
(Equation 4.2) [77]. Again, the green dashed line is the evaporative flux
from the transport model. In both figures r is the radial position in the
drop, so it is seen that as we approach the contact line, flux from the drop
increases significantly. As seen in both the figures, the transport model
simulation has excellent agreement with the analytical models. . . . . . 52
x
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4.2 Figure A is the top of the evaporating droplet at the line of symmetry.
Figure B is the contact line of the same evaporating droplet. In both
images the vectors do not cross each other, an indication of a good model.
In this simulation, there is no humidity and the Capillary number, Ca =
8.4× 10−8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.3 The particles in the evaporating droplet model are conserved. The solid
blue line shows the concentration of particles on the substrate surface.
The droplet starts no particles on the surface, then as the droplet evapo-
rates, the particles accumulate on the substrate surface. The dashed red
line shows the concentration of particles in the droplet. The concentra-
tion of particles on the surface decreases as the particles accumulate on
the substrate surface. The dotted black line shows the sum of the par-
ticle concentration the droplet fluid and on the substrate surface. This
value is constant throughout the evaporation, which validates the particle
conservation portion of the model used in this work. This simulation is
for a droplet with a radius of 1 mm, a Péclet number of 1, a Damköhler
number of 10, a Reynolds number of 6.8 × 10−3 and a Capillary number
of 8.4× 10−7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.4 The particles in the evaporating droplet model are conserved. The solid
blue line shows the concentration of particles on the substrate surface.
The dashed red line shows the concentration of particles in the droplet.
In this case the Damkóhler number is zero and no particles deposit on the
surface throughout the evaporation. This simulation is for a droplet with
a radius of 1 mm, a Péclet number of 100, a Reynolds number of 6.8×10−3
and a Capillary number of 8.4× 10−7. . . . . . . . . . . . . . . . . . . 55
4.5 The particles in the evaporating droplet model are conserved when grav-
itational effects are added into the particle model. The solid blue line
shows the concentration of particles on the substrate surface. The dashed
red line shows the concentration of particles in the droplet. In this case
the Damkóhler number is zero and no particles deposit on the surface
throughout the evaporation. This simulation is for a droplet with a radius
of 1 mm, a Péclet number of 10, a gravitational Péclet number of 10, a
Reynolds number of 6.8× 10−3 and a Capillary number of 8.4× 10−7. . 56
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4.6 Left: The particles in the evaporating droplet model are conserved when
the maximum packing concentration is reached. The solid blue line shows
the concentration of particles on the substrate surface. The dashed red
line shows the concentration of particles in the droplet. In this case the
Damkóhler number is zero and no particles deposit on the surface through-
out the evaporation. There is a slight mass change over time with the
maximum concentration code, however it is less than 1 % and within the
reason for the computational approach. Right: The mass of particles in
the solid phase and liquid phase over time. In the dashed-dotted grey line
is the sum of both phases, in the solid blue line is the solid phase, and in
the dashed green line is the liquid phase. . . . . . . . . . . . . . . . . . 57
5.1 This is the flow profile inside an evaporating drop. The left (A) shows the
profiles just after the simulation had started at time = 0.075 and the right
(B) shows the profiles towards the end of evaporation at time = 0.425. The
Capillary number for this simulation is Ca = 8.5× 10−8 and the humidity
is 40%. There are 9,500 elements in this simulation. . . . . . . . . . . . 59
5.2 This figure shows the flux leaving the drop during evaporation. As ex-
pected, the flux is the greatest at the contact line (r = 1). This is consis-
tent with literature [80] [77] [57]. . . . . . . . . . . . . . . . . . . . . . 59
5.3 This is the vapor concentration (c) profile outside of the drop. In this
simulation the Ca = 8.5 × 10−8 and the humidity is 40. There are 9,500
elements in this simulation. . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4 This is the surface concentration of an evaporating droplet with different
values of the dimensionless Péclet and dimensionless Damköhler groups.
The coffee-ring deposition occurs when the Péclet number is high and the
Damköhler number is low. . . . . . . . . . . . . . . . . . . . . . . . . 61
5.5 This is the particle concentration in an evaporating droplet with a Péclet
of 1 and a Damköhler of 10. The attractive nature of the particles to
the surface (high Damköhler number) leads to the particles attaching to
the surface before they can gather at the contact line. This results in a
centered deposition pattern instead. . . . . . . . . . . . . . . . . . . . . 62
5.6 This is the particle concentration in an evaporating droplet with a Péclet
of 10 and a Damköhler of 0.1. The low attraction of the particles to the
surface (low Damköhler number) and convective nature of the particles
(high Péclet number) leads to particles accumulating at the contact line
as seen in the classic coffee-ring depositions. . . . . . . . . . . . . . . . 63
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5.7 The solid phase formation in a simulation as the maximum packing con-
centration (0.7 volume %) is reached. The figure shows the contact line
as the solid phase begins to form and the contour is the particle concen-
tration. The figures progress sequentially from left to right. . . . . . . . 66
5.8 Using the previous model for particle accumulation in an evaporating
droplet (Equation 5.2), the particles accumulate rapidly at the contact
line. In the first three image figures the streamlines in the droplet are
shown on the left and the particle concentration on the right at times
0.01, 0.035, and 0.075. The last image is a zoomed in picture of time
0.075 to show the high particle concentration at the contact line. . . . . 67
5.9 The contact line of an aqueous 2 µL droplet during evaporation. The parti-
cles accumulate at the contact line primarily at the end of the evaporation.
At time=4:04 minutes, most of the particles are still in solution. . . . . 68
5.10 1 µm and 3 µm sized particles aligned into rings during the droplet evapo-
ration. The droplet was 2 µL and the particle concentration was 0.025wt%
with equal parts of each particle size. The evaporation occurred on an un-
heated smooth silicon substrate in a zero humidity environment. . . . . 69
5.11 The build up of particles at the edge of an evaporating droplet for both
1 µm sized particles (left) and 3 µm sized particles (right). The larger
particles build up much faster than the smaller particles at the edge, which
does not match with experimental results. . . . . . . . . . . . . . . . . 70
5.12 Non-isothermal simulation showing Marangoni currents in the evaporating
droplet. The substrate temperature is 60◦C, the humidity is zero, the
Capillary number is Ca = 8.4 × 10−7, the Reynolds number is Re =
6.8× 10−3, and the thermal Péclet number P̂ e = 4.36× 10−2. . . . . . 72
5.13 Non-isothermal simulation showing Marangoni currents in the evaporating
droplet. The substrate temperature is unheated (25.1◦C), the humidity is
zero, the Capillary number is Ca = 8.4 × 10−7, the Reynolds number
is Re = 6.8 × 10−3, and the thermal Péclet number P̂ e = 4.36 × 10−2.
The evaporative cooling causes the cooling temperature dip seen in the
center of the drop. In comparison to the heated substrate case (Figure
5.12) the Marangoni currents are larger, reaching the bottom and center
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5.14 This image shows the build up of 3 µm sized particles at the contact line
of an evaporating droplet. On the left thermal variation is considered and
the streamlines circulate due to Marangoni currents. On the right the
droplet is isothermal and the particles rapidly build up on the contact
line. The isothermal model does not match experimental results, but the
model that considers thermal variation does match experimental results. 73
5.15 Images from a video of particles depositing on the contact line of an aque-
ous evaporating droplet. The original droplet volume was 2 µL and the
original particle concentration was 0.025wt%. Each image is a different
time progressing from left to right and top to bottom. There are two differ-
ent sized particles 1 µm and 3 µm. The arrows point to two 1 µm particles
as they are depositing at the contact line. At time 3:37 minutes, the two
1 µm particles travel around the larger 3 µm particles and deposit closer
to the edge of the droplet. A supplementary video of this evaporation can
be provided upon request. . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.16 Images from a video of particles depositing on the contact line of an aque-
ous evaporating droplet. The original droplet volume was 2 µL and the
original particle concentration was 0.025wt%. Each image is a different
time progressing from left to right and top to bottom. There are two differ-
ent sized particles 1 µm and 3 µm. The arrows point to a 1 µm particle as
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it. Finally, at 1:15 the 1 µm particle deposits at the edge of the droplet,
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of this evaporation can be provided upon request. . . . . . . . . . . . . 75
5.17 On the left is an Atomic Force Microscopy (AFM) image of the ring formed
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dm
dt
evaporation rate of the drop
Γ dimensionlesss particle concentration on the substrate surface
γ surface tension for the liquid-vapor interface (also represented as γLV )
γLV surface tension for the liquid-vapor interface (also represented as γ)
γSL surface tension for the solid-vapor interface
γSV surface tension for the solid-vapor interface
Ĉp specific heat capacity
P̂ e thermal Péclet number, P̂ e = vclc/α
κ dilatational viscosity of the droplet fluid
µ viscosity of the droplet fluid
φ biquadratic basis function
ψ bilinear basis function
ρ density of the droplet fluid
ρparticle particle density
xxi
θ contact angle between the liquid drop and the substrate measured inside the
drop
X̃ dimensional quantity of X
a particle radius
c dimensionless concentration of vapor in the gas surrounding the droplet
c∞ vapor concentration far away from the drop
cp dimensionless particle concentration
Cx capacitance of sessile drop
cp1 dimensionless concentration of particle size one
cp2 dimensionless concentration of particle size two
cvap vapor concentration at the liquid-gas interface of an evaporating drop
Ca Capillary number, Ca = µvc/γ
D molecular diffusion of water into air
Dp particle diffusivity
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ABSTRACT
Devlin, Nicole Raley PhD, Purdue University, August 2015. The separation of two
different sized particles via droplet evaporation. Major Professor: Michael T. Harris.
An evaporating droplet with different sized particles was examined both computa-
tionally and experimentally. During evaporation, particles can naturally separate
into concentric rings by size with one ring per particle size. The objective of this
investigation was to determine factors that contribute to this separation process.
Computationally, the finite element method was used to solve a transport model
for the droplet fluid velocity in two directions (radial and axial), the pressure, the
temperature inside the droplet, and the concentration of each particle size. Experi-
mentally, an aqueous droplet with 1 µm and 3 µm polystyrene spheres was evaporated
on a silicon substrate.
It was determined that several factors contribute to particle separation. First, the sur-
face tension driven Marangoni currents caused by evaporative cooling on the droplet
surface significantly affect the separation process. The Marangoni currents keep the
particles suspended in the droplet for the majority of the evaporation, which al-
lows for separation by geometric constraints. A maximum packing concentration for
the spheres was implemented in the simulations and without Marangoni currents,
the maximum packing limit is reached quickly, before separation can occur. Sec-
ond, gravity was determined to have a large effect on particle deposition. Pendant
droplet simulations and experiments result in larger (3 µm) particles depositing in
the center of the droplet and the smaller (1 µm) particles depositing on the edge of
the droplet. The third investigation was a computational study on the influence of
xxv
buoyancy-driven flow in an evaporation. It was determined that buoyancy-driven flow
is present in the initial stages of droplet evaporation, especially when the environ-
ment is humid. And finally, an experimental investigation on the surface roughness
and droplet contact line depinning on particle separation was conducted. Both high




Drop drying surrounds us daily in seemingly mundane occurrences. It has been
nick-named “the coffee ring effect” because of the pesky ring pattern formed from
spilled coffee, which is characteristic in drop drying. This ring-pattern is found in
most drop drying systems with particles and great lengths have been taken to study
particle deposition in applications like ink-jet printing [1] [2] [3] [4], painting [5], spray
cooling/drying [6] [7], and microarrays [8] [9]. Creative solutions such as adding
surfactants to the drop [10] or applying alternating electric currents during drying
[11] can suppress the ring formation, but a full understanding of the drying particle
deposition process has not been obtained.
1.1 Classification of Evaporation
To start with what we do understand, there are two primary ways in which a droplet
can evaporate. The first is with a pinned contact line. In this case, the edge of the
droplet does not move, and instead the droplet contact angle decreases with evapo-
ration. Fluid from the top of the droplet replenishes fluid at the edge to keep the
contact line pinned. The second type of evaporation is pinned contact angle evapo-
ration. In this case, the contact line is not pinned and the droplet recedes inward as
it evaporates [12]. Figure 1.1 visually demonstrates each type of the evaporation.
When there are particles in the drying droplet (such as when coffee drys on a counter-
top), the drying process has a pinned contact line for the majority of evaporation.
This was shown by Pariss and Allain in 1996 by comparing two models (one for pinned
contact line and one for constant contact angle) to experimental results [13]. Only at
the end, when the contact angle becomes very small, does the contact line detach and
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Figure 1.1. In both pictures the dotted line represents the drop profile
after evaporation and the solid line represents the drop profile before
evaporation. Both drops are identical to start. Figure A shows a
droplet with a constant contact angle. As the drop evaporates, the
contact line moves inward. Figure B shows a drop with a pinned
contact line. The angle that the droplet makes with the substrate
decreases with evaporation.
recede inward. The radial flow necessary to replenish fluid at the contact line causes
the coffee ring effect. Particles within the fluid are pushed radially outward with the
flow and gather at the contact line.
The initial contact angle that the drop makes with the substrate also affects the
evaporation process. Wetting drops have a contact angle less than 90◦, and non-
wetting drops have contact angle greater than 90◦. Figure 1.2 depicts wetting and






where θ is the contact angle, γSV , γSL, γLV are the surface tensions between the solid-
vapor, solid-liquid, and liquid-vapor phases, respectively [14] [15]. In literature, non-
wetting drops are less common, but have potential uses in self-cleaning surfaces [16].
The particle profile left after evaporation of a non-wetting drop is usually uniform,
with no “coffee-ring effect” [12]. This is because non-wetting droplets evaporate with
a constant contact angle for the majority of the evaporation [17]. In 2012, Nguyen
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et al. showed theoretically and experimentally that the evaoprative flux varies for
obtuse and acute contact angles [18].
Figure 1.2. Figure A shows a wetting droplet where the contact angle
between the substrate and the liquid is less than 90◦ (measured inside
the liquid). Figure B shows a non-wetting droplet where the contact
angle is greater than 90◦.
1.2 Unique Types of Flow in an Evaporating Droplet
There are several different types of flow that can occur in an evaporating droplet. The
first is Stefan flow. Stefan flow occurs in the gas outside of the droplet. The primarily
driving force of vapor movement outside the droplet is the vapor concentration gradi-
ent from just outside the drop surface to the ambient vapor concentration (humidity
if the droplet is water) far away from the drop. This diffusive flow (Fick’s diffusion) is
not the only driving force outside the droplet. Stefan flow occurs from the movement
of a species across an interface (such as when a droplet evaporates) [19]. Typically,
Stefan flow is neglected when modeling drop evaporation, and only simple diffusion
is used to model the vapor concentration.
A second unique flow in drop evaporation is Marangoni flow, which occurs when
there is a surface tension gradient along the liquid-gas interface. A surface tension
gradient can be produced from a temperature gradient or from a non-uniform pres-
ence of a surfactant along the interface. A difference in surface tension causes eddies
within the fluid, known as Marangoni flow [20]. At the liquid-gas interface of an
evaporating drop, as the temperature changes from the evaporation process or if sur-
factants are present, Marangoni flow can alter the evaporation.
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Another type of flow in an evaporating droplet is buoyancy-driven flow. Buoyancy-
driven flow occurs due to a temperature gradient. The hotter fluid is less dense and
will flow upwards. In 1958, Pearson defined a dimensionless number (B) to determine





where ρ is density of the fluid, g is gravitational constant, h is the height of the
droplet, C is the water thermal expansion coefficient, and β is the derivative of surface
tension with respect to temperature [21]. Both Hu & Larson [22] and Girard et al. [23]
calculated the dimensionless number B to be very low for an evaporating droplet and
neglected buoyancy-driven flow. While this is true in general, the assumption is
challenged for specific cases in this thesis work.
1.3 Adding Particles to the Droplet
Drop evaporation models change significantly when particles are present in the drop
and the applications of drop evaporation with particles are very diverse [24]. Wet-
ting drops with particles undergo pinned contact line evaporation, differing from the
constant contact angle evaporation observed in most drops without particles. The
radial flow from this pinned contact line evaporation has been employed in clever
ways including to stretch deoxyribose nucleic acid (DNA) molecules into a linear
form [25] [26] [27] [28]. The stretched, linear configuration for DNA is preferable for
sequencing applications. Drop drying has also been employed to pattern semicon-
ductor nanoparticles for microelectronics applications [29] [30] [31]. The radial flow
in a droplet has also been employed for disease detection. Gulka et al. designed a
cheap method of detecting malaria using the “coffee-ring” effect [32]. Recent studies
used the coffee-ring effect for nanochromatography, separating nanometer-sized par-
ticles according to their size [33] [34] [35]. These studies were experimentally based. A
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model of an evaporating droplet could contribute to a better physical understand-
ing of this phenomena and a range of parameters for which nanochromatography
occurs.
Modeling droplet evaporation significantly increases in complexity with particles in-
side the fluid. When the particles are dilute, the convection-diffusion equation can be
used to track the particle concentration. However, when the particles increase in con-
centration, as they do when gathering at the drop contact line, the particles resemble
a packed-bed more than a fluid. Even though the particles are trapped at the contact
line (unable to evaporate into the surrounding gas), the fluid can travel through small
cavities between the particles and evaporate out of the liquid drop. This evaporation
is not negligible. The pinned contact line means that fluid is constantly replenishing
the fluid from evaporation. The flux of fluid evaporating from the drop increases
very rapidly at the contact line. This increase in the flux of the fluid results in high
velocities in the drop; therefore, a high resolution mesh is required near the contact
line to accurately model the fluid flow.
1.4 Objectives
In this work, the drying of an axisymmetric wetting droplet with partilces is studied.
The droplet fluid is assumed to be Newtonian at all times. Before evaporation, the
droplet fluid is a homogeneous mixture with two different sized particles. During the
evaporation, the particles separate into concentric rings and deposit onto the sub-
strate surface.
The objective of this work is to determine the cause of this separation. The finite
element method was used to create a transport model of the evaporating droplet sys-
tem. The transport model examines the effects of gravitational pull on the particles
and Marangoni currents in the droplet. Experiments were also performed to observe
6




2.1 Drop Evaporation without Particles
The science of an evaporating droplet is an ancient and challenging problem. As such
it has inspired scientific investigations for over a century [36]. The numerous investi-
gations on this everyday phenomena include studies both with and without particles.
First, we will review the research of evaporating droplets without particles. One of
the first to explore drop evaporation was Harry W. Morse in 1910. From his experi-
mental data with evaporation of iodine drops, Morse concluded that the evaporation
rate is proportional to the drop radius and not its surface area as expected. Equation




where m is the mass of the droplet, r is the radius and k is a constant [37]. Inspired
by Morse’s experiments, Langmuir proposed a theoretical explanation for Equation
2.1 in 1918 [38]. In his model, the limiting factor in drop evaporation is diffusion very
close to the droplet. Using an analogy to heat transfer through a wire, Langmuir de-
termined a drop evaporation rate based on diffusion in the shell of vapor surrounding
the droplet. His final expression matched Morse’s findings, where the evaporation
rate is proportional to the radius, not the surface area of a drop.
More recently in 1977, Picknett and Bexon analytically solved for the evaporation
of a sessile drop (with constant contact angle evaporation) [39]. They used an anal-
ogy between diffusive flux and capacitance of an equiconvex lens. Using Snow’s series
solution, they found the electrostatic capacitance of a drop and could relate the ca-
pacitance to the evaporation rate using Equation 2.2
dm
dt
= 4πDCx(cvap − c∞) (2.2)
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where dm/dt is the evaporation rate, D is the molecular diffusion constant, Cx is the
capacitance, cvap is the vapor concentration close to the evaporating drop, and c∞ is
the vapor concentration far way from the drop.
Follow up investigations such as Birdi, et al. in 1988 experimentally confirmed that
the evaporation rate of a drop is proportional to the drop radius [40]. Biridi et. al
took the weight of a sessile water droplet over the time of evaporation to show that
the evaporation rate linearly depends on the drop radius. The correlation coffiecient
for their data was 0.999983, showing the high experimental accuracy.
A recent study by Tonini and Cossali in 2012 presented an analytical model of an
evaporating drop based solely on the vapor concentration in the gas surrounding the
droplet. They found that a series solution (based on a species balance), Maxwell’s
simple diffusion model, and the Stefan-Fuchs model (accommodating for Stefan flow
near the interface) differ significantly, especially when the liquid droplet is not wa-
ter (of the fluids analyzed, n-hexadecane had the most significant deviations). The
models also differed when the temperature of the surrounding gas was high, with
Tonini’s series solution model demonstrating the most reasonable for physical inter-
pretations [41].
2.2 Droplet Evaporation with Particles
When there are particles within the evaporating droplet, the problem increases in
complexity. For the majority of evaporation the contact line is pinned and the evap-
oration happens primarily at the contact line [42]. There have been numerous inves-
tigations using both experimental and computational methods studying evaporation
of drops with particles.
In 1966, Marshall and Kitchener experimentally examined the deposition of graphi-
tized carbon particles onto glass substrates [43]. They found that deposition of parti-
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cles was highest when the particles and the substrate had opposite sign zeta potentials
and that a stable suspension produced uniform depositions whereas rapidly coagulat-
ing suspension produced irregular depositions.
Computationally, it has been shown that the deposition profile depends on both mass
transfer of particles in the bulk fluid (dimensionless Péclet number, Pe = lcvc/Dp
where lc is the characteristic length, vc is the characteristic velocity, and Dp is the
particle diffusivity) and on the deposition rate of particles on the substrate (dimen-
sionless Damköhler number, Da = kdlc/Dp where kd is the particle deposition rate
constant onto the substrate) [44].
In 2005, Yuri Popov examined droplet evaporation with particles both analytically
and numerically [45]. With an assumption of a thin droplet, low Reynolds number,
and dilute particle concentration, Popov showed that particle accumulation at the
contact line is constrained geometrically. Small droplet contact angles impede par-
ticle rings from accumulating in the z-direction (height) and force the ring to grow
radially inward (thicker).
Under certain circumstances a “skin” can form on a droplet with particles as it
evaporates. This skin consists of particles that gather at the drop liquid-gas sur-
face. Maki and Kumar examined the formation of this skin computationally using a
finite difference code and the lubrication approximation [46]. They found that with
low particle concentrations, high Péclet numbers, and strong Marangoni currents, a
“skin” of particles forms on the apex of the droplet during drying.
2.3 Marangoni Flow Affecting Droplet Evaporation
Marangoni flow is caused by a surface tension gradient. Fluid will flow from an area
of low surface tension to an area of high surface tension. The surface tension gradient
is induced naturally during the evaporation process through the evaporative cooling
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that happens on the drop liquid-gas interface. As the drop evaporates, the surface
is cooled causing a temperature gradient. Regions with a higher temperature have a
lower surface tension.
The Marangoni currents in an evaporating drop have been observed experimentally
using coherence tomography and out-of-focus microscopy [47] [48] [49]. An evaporat-
ing droplet without particles was modeled by Girard et al. in 2006 using the finite
element method to show the Marangoni currents during evaporation computation-
ally [23]. Girard et al. later determined (2008) that the total drop evaporation rate
is not significantly affected by Marangoni flow currents for a droplet on a heated
substrate [50]. Around the same time, Hu and Larson used two approaches to look
at Maragoni currents in an evaporating droplet. The first approach was using the
lubrication theory approximation to analytically examine the evaporation of a ses-
sile droplet with Marangoni effects and second approach was using the finite element
method to computationally analyze the problem. Their two solutions were in good
agreement with each other and both showed circulation eddies driven by the sur-
face tension gradient [22]. More recently, Bhardwaj et al. modeled a nanoliter sized
droplet with particles and Marangoni effects. Bhadarwaj showed that the conductiv-
ity of the solid substrate compared to the conductivity of the liquid determines the
direction that the Marangoni eddy flows [51]. This effect was also examined theoret-
ically by Ristenpart et al. [52] and with experiments and a mathematical model by
Dunn et al. [53].
In addition to temperature gradients, Marangoni flow can be induced when surfac-
tants are present in the droplet. It has been shown experimentally that the addition
of surfactant to an evaporating drop (with particles) amplifies the Marangoni effect.
As a result, particles are pushed radially inward from the Marangoni eddies, and the
coffee-ring effect is suppressed [10].
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The Marangoni currents from a surfactant can be used to control particle deposi-
tion in an evaporating droplet. Nguyen and Stebe showed how surfactants can lead
to Bérnard cells, where there are multiple pockets in a droplet that have circular
flow [54]. Their research outlined a phase plot with different surfactant concentra-
tions leading to different deposition profiles. The particles used in this study were
0.8 µm in diameter microspheres that were functionalized with amidine or sulfate in
an ethanol droplet.
There has been speculation as to whether a non-heated, water droplet without sur-
factants has Marangoni currents in the droplet. To examine this question, Xu and
Luo used fluorescent nanoparticles to analyze an evaporating water droplet with a
radius of 2 mm on a glass substrate [55]. Their research showed that the nanoparticles
travel to the edge of the droplet and then travel back towards the center. This particle
pattern indicates that circulating Marangoni currents are present in an evaporating
water droplet.
2.4 Additional Factors Affecting Droplet Evaporation
There are many additional factors that affect the evaporation process. In this section,
consideration of ambient humidity, particle shape, pH of the droplet, droplet size, and
substrate material are briefly discussed.
The ring pattern can be affected by humidity. Okubo et al. determined that the
width of the particle ring increases with higher ambient humidity [56]. As expected,
when humidity increases, the diffusion driven evaporation slows due to the decreased
vapor concentration gradient. In the model created for this research, humidity is
defined as an input parameter.
A recent topic of investigation which will not be addressed in this work is how par-
ticle shape affects the drying pattern. Previously, experimental examination of the
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evaporation of nanorods suspended in an evaporating drop showed the coffee-ring
persisted [57]. However, a recent investigation (2011) experimentally shows that el-
lipsoidal particles do not lead to ring structures [58]. This discrepancy has not been
resolved.
The pH of the evaporating droplet can also affect particle deposition. Bhardwaj
et al. studied the effect that pH has on the DLVO forces (van der Walls and elec-
trostatic) which affects the particle attraction to the substrate. The pH was varied
experimentally in 4-6 nL droplets of water containing 25 nm titania particles. Com-
putationally, a the finite element method was used to create a model of the droplet
system. A phase diagram was presented with three different particle depostion types:
uniform, ring, and bump. The deposit type is determined by the DLVO force, the
radial velocity, and the Marangoni currents in the droplet [59].
The size of a droplet also determines the particle deposition profile. In 2010, Shen
et al. found a minimum droplet size where coffee rings are found [60]. Using 100
nm polystyrene particles, Shen et al. evaporated droplets as large as 1 mm in di-
ameter and as small as 3 µm in diameter. They found that for 100 nm particles,
the minimum drop size that forms coffee rings is a 10 µm droplet and explained this
observation based on two time scales controlling the evaporation. The first time scale
(tevap) is related to the time that it takes for the droplet to evaporation. The second
time (tparticle) is the time that it takes for two particles that are adjacent to each
other to come in contact. Ring formation only occurs when tparticle << tevap. This
also explains Okubo et al.’s research on humidity. Humidity will effect the time of
evaporation (tevap) and in turn will effect the ring formation.
Finally, drop formation and evaporation can also be affected by the substrate. Porous
substrates often absorb some of the liquid from the drop and affect the evaporation
profile [61] [62].
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2.5 Manipulating Particle Deposition
The deposition of particles in interesting patterns has been observed for quite some
time. In 1992, Denkov et al. created ordered monolayers of polystyrene particles
using an evaporating drop inside a Teflon ring [63] [64]. The aqueous drop was 20
µL, larger than most drops in more recent investigations. The particles deposited
were 1.7 µm diameter polystyrene particles with an initial concentration of 1wt%.
Denkov et al. determined that the particle ordering occurred when the water layer
was thinner than the particle size. Additionally, the droplet evaporation rate and the
droplet shape significantly contributed to the final pattern of particles.
In 1995, Adachi et al. observed striped patterns at the edge of an evaporating droplet
using 144 nm polystyrene particles in water and a borosilicate glass substrate [65].
Adachi et al. found that the stripe pattern is highly dependent on the particle vol-
ume fraction in the droplet. It was also determined that as the drop evaporates, its
contact line oscillates, which could contribute to the striped particle pattern.
Following Adachi et al.’s work, Shmuylovich et al. experimentally observed a “stick-
slip” behavior at the contact line of an evaporating droplet [66]. Using 0.88 µm latex
particles in a water solution, Shmuylovich et al. deposited drops between 1 mm and
15 mm diameter on a glass substrate. It was observed that at the edge of the droplet,
particles accumulate and then the contact line moves slightly inward “slipping” and
then it stays at that new position to allow more particles to accumulate “sticking”.
In this fashion, concentric rings are made during the droplet evaporation process.
Controlling particle deposition has applications in evaporative lithography. Lithogra-
phy is a time and resource intensive process. Harris et al. showed that it is possible
to use the self-assembly of particles to form regular, micron-scale patterns instead of
traditional lithography methods [67]. In their work, 10 nm silica particles suspended
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in water were used. The particle self-assembled during evaporation to form 0.59 µm
patterns. The more dilute particle concentrations created more successful patterns.
Recently, the coffee ring width and thickness was correlated to a power law based
on the initial particle concentration [68]. Msambwa et al. used experiments with
polystyrene particles of varying sizes in water evaporated on a glass substrate to
general power law correlations. Their experiments had initial particle concentrations




where h is the particle ring height, w is the particle ring width, and c0 is the initial
concentration in the drop solution.
The previously discussed work examined only a single particle size, however, some
studies examine multiple sized particles. In 2009, Erb et al. showed that by using
an electric field, particles of multiple sizes can be manipulated into self-assembled
shapes. In this study, 1 µm non-magnetic particles and 2.7 µm paramagnetic par-
ticles were were dispersed in a ferromagnetic fluid. A constant electric field was
applied and a phase diagram depicting different particle assemblies was generated.
In the phase diagram, random distribution, poles (small particles aggregated on each
side of a large particle), and rings (small particles surrounding a large particle) are
plotted as a function of the ferrofluid concentration and the electric field strength [69].
Han et al. also showed that particles of different sizes can be manipulated into
different patterns. In this study, instead of an electric field, a confined geometry us-
ing a cylindrical lens and heated silicon substrate (T=80◦C) were used. Polystyrene
particles of 50 nm and 500 nm self-assembled into lines of each size using this set
up [70].
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Dip coating has also been used to create highly ordered nanopatterns. Huang et
al. used dip coating to self assemble 100 nm gold nanoparticles and 50 nm silver
nanoparticles on to a Si/SiO2 substrate. The resulting substrates had highly ordered,
dense line patterns made from the nanoparticles [71].
In the past few years, some experimental studies were published on using droplet
evaporation to naturally separate particles. During the evaporation process, particles
of different sizes can be separated into different rings. The smaller particle size will
accumulate on the outer ring and the larger particle size will accumulate on the inner
ring. In 2007, Jung et al. separated 1 µm and 6 µm polystyrene particles using a
non-uniform electric field to induce dielectrophoresis in the droplet [34]. A follow up
study by Jung et al. in 2009 used particle velocimetry to track particle movement
during the separation of 5 µm and 0.5 µm polystyrene particles [35]. Following their
work, in 2011 Wong et al. showed the separation of three different sized particles: 40
nm, 1 µm and 2 µm [33]. Wong et al. related the separation distance to the differ-
ence in particle size and determined a maximum particle concentration for which this
separation phenomenon is observed.
2.6 Particle Settling & Pendant Drops
One objective of this research is to model the effect of gravity on particles during
evaporation and to compare pendant and sessile droplets. There is not much litera-
ture that specifically discusses pendant droplet evaporation with particles; however,
there are several studies that helped guide this research.
Particle settling has been studied extensively out of the context of an evaporating
droplet. The stability time for a particle in a fluid is
t =
216kBTµ
πg2(ρp − ρf )2x5
(2.4)
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where kB is the Boltzmann constant, T is temperature, µ is the fluid viscosity, g is
gravity, ρp is the particle density, ρf is the fluid density and x is the particle diam-
eter [72]. For a water droplet at room temperature with 1 µm diameter polystyrene
spheres (the experimental set up in this research), the stability time is 10.5 seconds,
which is less than the droplet evaporation time. Thus, the particles do not follow the
fluid streamlines exactly and the effects of gravitation pull need to be considered to
accurately model the particle trajectories and build up.
There are also numerous studies of pendant droplet evaporation without particles.
Pendant droplet evaporation has a variety of appications such as dripping from frac-
tures [73] and electrospinning [74]. A study by Savino and Fico showed that the
effects of Marangoni currents are important for modeling the evaporation of a pen-
dant droplet [75]. In 2009, Radiom et al. examined capillary flow in a pendant
gylcerol-water droplet and determined a model for the droplet shape as it evapo-
rates [76].
11
3. PROBLEM SET UP & METHODS
3.1 Modeling the Droplet Evaporation
The system studied is an axisymmetric liquid drop surrounded by a gaseous medium,
as shown in Figure 3.1. The fluid is assumed to be Newtonian and for the first part of
this work the system is assumed to be isothermal. The finite element method (FEM)
was used to create a tranpsort model of the evaporating droplet. The model is two-
dimensional and derived in cylindrical coordinates. The non-dimensional governing
equations used to model the fluid inside the droplet (the VI(t) domain in Figure 3.1)
are the momentum equation in both r and z directions (Equation 3.1) and the con-
tinuity equation (3.2). The non-dimensionalization of the momentum and continuity




+ReCav · ∇v = Ca∇ ·T
T =− p+ [∇v + (∇v)T ]
(3.1)
∇ · v = 0 (3.2)
where the Reynolds number is Re = ρvclc/µ, the Capillary number is Ca = µvc/γ,
and v is the velocity vector. Within each dimensionless number µ is the viscosity, ρ
is the density, vc is the characteristic velocity as defined in the Appendices (Section
A.2.1), lc is the characteristic length which is the drop radius, and γ is the surface
tension.
Outside of the droplet (the VII(t) domain in Figure 3.1), the concentration of va-
por in the gas, c, is modeled using the Laplace equation (3.3). This model accounts
for simple diffusion of the vapor into the surrounding air. It assumes that the gas
surrounding the droplet is not moving and that the drop evaporates slowly. Quasi
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Figure 3.1. This figure shows the problem domain. Please note that
this drawing is not to scale (as the r = R position is almost equidistant
from r = 0 and r = 20R). The domain VI(t) is the liquid drop domain.
Also note that both domains change with time because as the drop
evaporates the interface location changes. In the VI(t) domain the
momentum and continuity equations are solved (Equations 3.1 and
3.2). The VII(t) domain is outside of the liquid droplet, where the
Laplace equation solves for the concentration of vapor outside the
droplet (Equation 3.3). Sections A.1 and 3.12 demonstrate how each







is assumed because of the slow evaporation and it is also as-
sumed that the concentration (c) profile in the gas phase is established very fast.
∇2c = 0 (3.3)
The domain for which the vapor concentration is modeled extends from the drop
surface to a distance of 20R, which is twenty times the radius of the drop in both the
r and z direction. This domain was chosen based on the research Hu and Larson [77].
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3.1.1 Boundary and Initial Conditions
3.1.1.1 The drop [VI(t)] domain
The liquid-gas interface moves as the droplet evaporates and its location needs to be
determined. Equation 3.4 is used to determine the liquid-gas interface as the drop
evaporates.
ns · (v − vs) = −ns · ∇c (3.4)
where ns is the surface normal and vs is the velocity at the surface. Equation 3.4
(the kinematic boundary condition) balances the movement of the interface (left-hand
side) with the amount of liquid that is exiting the drop from evaporation (the right-
hand side).
The two remaining boundaries of the drop are the substrate surface (z = 0, r ≤ R)
and the axis of symmetry (r = 0, 0 ≤ z ≤ zmax(t)). At the substrate surface, a
“no-slip” boundary condition fixes the velocities (u = 0 and v = 0) where u is the
r-direction velocity and v is the z-direction velocity. At the r = 0 boundary, the
following boundary condition is used to keep the drop symmetric.
n · v = 0
n ·T · t = 0
(3.5)
where t is the tangent to the boundary.







The initial pressure, p, inside of the drop is obtained from the Young-Laplace equation
for a hemispherical drop.
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3.1.1.2 The vapor [VII(t)] domain
Outside of the drop, the following boundary conditions are used to solve the Laplace
equation.
c = cvap = 1 at the drop interface
c = c∞ at r = 20R
n · ∇c = 0 at r = 0 and z = 0
(3.7)
where c∞ = Hcvap and H is the humidity. The initial concentration of vapor in the
gas phase (c) is given by Equation 3.8




where t0 is the starting time.
Figure 3.1.1.2 pictorially shows the boundary conditions for the fluid flow of an evap-
orating droplet.
The momentum equation, continuity equation, and Laplace equation are the gov-
erning equations used to model drop evaporation. Because the momentum equation
is nonlinear, a weak formulation is used and then Newton’s method iterates through
the weak formulation until a convergence of 10−5 is reached (for more detail on New-
ton’s method see Section 3.10). Each of these governing equations is formulated into a
residual for the finite element method. The cylindrical coordinates (r, z) are mapped
into isoparametric coordinates (ξ, η), which is discussed in Section 3.7.
3.1.2 Finite Element Method Formulation of Droplet Evaporation
The evaporating droplet was modeled using the finite element method in two-dimensions.
The droplet is assumed to be axisymmetric and as such the azimuthal components of
each equation are droped. For each of the governing equations, a finite element resid-
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Figure 3.2. This figure shows the evaporating droplet system that is
studied. Please note that this drawing is not to scale (as the r = R
position is almost equidistant from r = 0 and r = 20R). The do-
main VI(t) is the liquid drop domain. Also note that both domains
change with time because as the drop evaporates the interface lo-
cation changes. In the VI(t) domain the momentum and continuity
equations are solved (Equations 3.1 and 3.2). The boundary condi-
tions for this domain are green. The VII(t) domain is outside of the
liquid droplet, where the Laplace equation solves for the concentration
of vapor outside the droplet (Equation 3.3). The boundary conditions
for the Laplace equation are given in blue.
ual was created and solved for each element within the appropriate domain. Equation




ψi∇ · vdΩ = 0 (3.9)
where Ric is the residual of the continuity equation at the i
th node, ψi is the bilinear
basis function (defined in Section 3.7), and Ω is the problem domain. Expanding the















dΩ = 0 (3.10)
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φidΩ = 0 (3.11)
where Rim is the momentum residual at the i
th node, φi is the biquadratic basis func-
tion (defined in Section 3.7) at the ith node, and ek is the unit vector.





= φiek · ∇ ·T + T : ∇(φiek)









+ v · ∇v
)





∇ ·CaT · φiekdΩ = 0
(3.12)
Now using the divergence theorem,∫
V
∇ · CaT · φiekdV =
∫
s
Can ·T · φiekds
where S is the surface. Applying the traction boundary condition
n ·T = −2Hn
Ca
where 2H is twice the mean curvature. By definition,
−2H = ∇s · n
where ∇S· is the surface divergence. Our resulting expression is now,∫
s
−(∇s · n)n · φiekds
Equation A.8-16 from page 637 of Deen’s textbook [78] gives the relation,∫
S




where C is a line and m = t × n which is the cross product between t, the tangent
to the interface, and n, the normal to the interface. We can neglect the line integral
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because m = ez and if ek = er then m · er = 0 and if m = ez we apply a Dirichlet


















where s is the arc length and ds2 = dr2 + dz2.










+ v · ∇v
)
φi + CaT : ∇(φiek)
]
dΩ = 0 (3.13)
but, we will need to keep the entire expression where there are not Dirichlet boundary
conditions.





























































∇ · ezds = 0
where u is the velocity in the r direction and v is the velocity in the z direction. In
cylindrical coordinates the stress tensor components are as follows,
Trr = −p+ 2
∂u
∂r






Tzz = −p+ 2
∂v
∂z

























































































∇ · ezds = 0
(3.15)
We can expand the surface integrals in the momentum residuals with the chain rule
as follows,∫
s





















































where η is the isoparametric coordinate that we will discuss in the next section (Sec-
tion 3.7).
By multiplying and dividing the surface integral in the z-momentum residual by
∂η/∂s two times, we obtain∫
s














































At the drop surface (liquid-gas interface), the kinematic boundary condition is used
to track the moving interface.
n · (v − vs) = −n · ∇c






















n · t = 0
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where s is the arclength. When a node falls on the interface, the residual for the


























































































This residual replaces the r-component of the elliptic mesh residual, which is discussed
in Section 3.9.
3.1.3 Finite Element formulation for the Vapor Concentration
The final equation for modeling the fluid evaporation is the Laplace equation used to
model the vapor concentration surrounding the droplet.
∇2c = 0






where φi is the biquadratic basis function and Ω is the problem domain. To reduce this
equation to a first order derivative, we perform integration by parts on the Laplace
equation.




[∇ · (φi∇c)−∇φi · ∇c]dΩ










The boundary condition when r = 0 and when z = 0 is n · ∇c = 0 and the left
term on the residual disapears. At the surface of the drop, the Dirchlet boundary
condition of c = cvap where cvap is the saturation vapor concentration. Far away
from the drop, r = 20R where R is the radius of the drop, the Dirchlet boundary
condition c = cvapH, where H is the humidity, is imposed. With these conditions, for
















3.2 Modeling Particles in the Droplet
In this section, we outline how to model spherical particles in the liquid droplet. The
nondimensional Péclet convection-diffusion equation (3.16) tracks the particle concen-






+ v · ∇cp1
)
= ∇2cp1 (3.16)
Here the Péclet number is defined as Pe = lcvc/Dp, where lc is the characteristic
length scale (radius of the drop), vc is the characteristic velocity as defined in Table
3.14, Dp is the particle diffusivity, and cp1 is the particle concentration. The nondi-
mensionalization of Equation 3.16 and the definition of dimensionless cp1 can be found
in Appendix A.4.
3.2.1 Boundary and Initial Conditions for Particle Concentration
Three boundary conditions (one for each boundary of the drop) are needed to solve
Equation 3.16. The first is along the r = 0 center-line. At this boundary Equation
3.17 will be applied to preserve the drop’s symmetry.
n · ∇cp1 = 0 (3.17)
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The second boundary is at the liquid-gas interface. Here a mass conservation bound-
ary condition will be applied to prevent particles from evaporating into the surround-
ing gas phase.
ns · ∇cp1 − Pe1ns · cp1(v − vs) = 0 (3.18)
Finally, at the liquid-solid interface, the boundary condition accounts for adsorption
and desorption of particles onto the substrate:
−n · ∇cp1 = Dacp1 −Da−1Γ1 (3.19)
where Γ1 is the concentration of particles on the surface, the Damköhler number
of adsorption is Da = k1lc/Dp with k1 as the adsorption rate constant, and the
Damköhler number of desorption is Da = k−1lc/vc with k−1 as the desorption rate
constant. In Equation 3.19 there is an extra variable, Γ1. To determine the surface
concentration of particles, Equation 3.20 is used.
dΓ1
dt
− vs · ∇sΓ = Dacp1 −Da−1Γ1 (3.20)
3.2.2 Finite Element Method Formulation of Particle Concentration














where φi is the biquadratic basis function and Ω is the problem domain. To reduce
this equation to a first order derivative, we perform integration by parts on the the
residual.








+ v · ∇cp
)
φi −∇ · (φi∇cp) +∇φi · ∇cp]dΩ












+ v · ∇cp
)




The boundary condition when r = 0 is n · ∇cp = 0 and the left term on the residual
disapears. At the surface of the drop, the boundary condition is
ns · ∇cp − Pens · cp(v − vs) = 0
The boundary condition on the surface of the substrate, at z = 0 is
Jp = −n · ∇cp = Dacp −Da−1Γ



























































The expansion of the surface integral follows the same procedure as shown for the
kinematic boundary condition in Section 3.1.2. Expanding the residual for the sub-










































3.3 Modeling Two Particle Sizes in the Droplet
To add a second particle size to the evaporating droplet, the same convection-diffusion
equation was applied, but with different dimensionless constants. The simulation of
two particle sizes in an evaporating droplet was a novel addition to this problem,
previous computational studies only examined one particle size [79] [57] [51]. There












+ v · ∇cp2
)
= ∇2cp2 (3.24)















In the above equations, Dp is the particle diffusivity, kB is the Boltzmann constant,
T is temperature, ρparticles is the particle density, a is particle radius, and i = 1, 2
is the particle size number. As the particle radius increases, the Péclet number and
Damköhler number increase in a linear fashion. The Péclet number represents the
ratio of convective forces to diffusive forces. For a larger particle size the convective
forces will increase, which pushes the larger particles towards the contact line at a
faster rate than the smaller particles. This is contrary to what is observed experi-
mentally where the smaller particles gather at the outer edge of the droplet.
Although the Péclet number’s correlation with particle radius does not agree with
experimental observations, the Damköhler number’s correlation does agree. The
Damköhler number is the ratio of particle attraction to the substrate surface to the
particle diffusion. A larger particle will have a larger Damköhler number, which
means the larger particles will adsorb to the substrate surface at a faster rate than
the smaller particles (keeping the larger particles in the center while the smaller par-
ticles travel to the edge of drop). This correlation agrees with experimental results
where smaller particles are on the outer edge of the coffee ring.
3.3.1 Finite Element Method Formulation of the Two Particle System
The finite element method formulation for a two particle system is very similar to
a one particle system, but with the Péclet and damköhler numbers varying for each















where l = 1, 2 is the particle number. Reducing the residual to a first order equation












+ v · ∇cp2
)
φi +∇φi · ∇cp2
]
dΩ
where cp2 is the second particle concentration. Similarly, the boundary conditions
from Section 3.2 are repeated for each particle number.
3.4 Modeling Particle Gravitational Effects
In addition to multiple particle sizes, gravitational effects are another novel addition
to the simulation. Previous studies neglected gravity and considered only colloidal
particles whose mass is so small that the effects of gravity are negligible [79] [57].











∇ · (cpF) (3.28)
where F = mgẑ is the gravitational and buoyancy force, kB = 1.38 × 10−23J/K is
the Boltzmann constant, and T is the dimensionless temperature. The derivation for
Equation 3.28 is provided in Appendix A.5. The dimensionless form of the modified
convection diffusion equation is Equation 3.29 with a new dimensionless number, PeG,





+ v · ∇cp
)









As the particle radius increases, the gravitational Péclet number increases in a cubic
fashion. This correlation agrees with experimental observations. A larger particle
will be pulled towards the substrate faster than a smaller particle. The cubic nature
of this correlation will have a larger effect on two particles of different sizes than the
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linear correlation for the Péclet number and Damköhler number changes with particle
size.
Adding gravitational effects to the convection-diffusion equation allows us to examine
the deposition of larger and denser particles. It also allows us to compare pendant
and sessile droplet evaporations. To simulate a pendant droplet the sign of PeG is
changed from positive to negative.
3.5 Finite Element Method Formulation of Gravity Effects on Particles
The finite element formulation of the convection-diffusion equation with gravitational














where l = 1, 2 is the particle number and ez is the normal vector in the z-direction.












+ v · ∇cpl
)
φi +∇φi · ∇cpl + PeGlez
]
dΩ
3.5.1 Maximum Packing of Particles
On the substrate surface, the particles will accumulate and because the spheres have
a finite volume there is a maximum concentration of particles that can be within a
certain volume (see Figure 3.3). The maximum number of spheres physically allowed
is about 70% by volume. With an initial concentration of 0.025 wt% of polystyrene
spheres (ρ = 1.05 g/cm3), the maximum packing concentration is 1700 times larger
than the initial concentration. To enforce this maximum packing, the following
“boundary condition” is enforced on elements that exceed or equal the maximum
particle concentration.
n · ∇cp − Pen · (cpv) = 0 (3.32)
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Figure 3.3. The maximum packing for spheres is 70% by volume
.
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+ v · ∇cp
)
φi +∇φi · ∇cp
]
dΩ
when the maximum number of particles within an element is reached, the surface
integral is replced with the maximum packing boundary condition as follows.∫
S




















dξ = 0 (3.33)
















dη = 0 (3.34)
3.6 Non-isothermal Model
Many previous studies neglected the effects of thermal variation in drop evapora-
tion models [57] [79] [77] [80]. Adding thermal variations to the evaporation model
increased the accuracy and versatility of this model. As further discussed in the Re-
sults section, thermal effects are an important part of explaining particle separation.
Investigations with models considering thermal effects and experiments have shown
that Marangoni effects due to temperature variation can sometimes affect the flow
profiles within the droplet [51] [81] [23].









∇k · ∇T + k∇2T
]
= 0 (3.35)
where the Péclet number is P̂ e = vclc/α and the thermal diffusivity α = k0/ρĈp
with k0 as the initial thermal conductivity and Ĉp as the specific heat capacity. Note
that this Péclet number is different than the Péclet number used earlier in the con-
centration equations and has been denoted with ˆ to indicate the difference. The
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nondimensionalization of Equation 3.35 and the definition of dimensionless T are
provided in Appendix A.5.2
The domain for the above energy equation is inside the drop (VI(t) domain), and
as such we have three boundary conditions. The first boundary condition is along
the axis of symmetry (r = 0), where Equation 3.36 is applied.
n · ∇T = 0 (3.36)
The second boundary condition is at the solid-liquid interface. Here, a Dirichlet
boundary condition fixes the temperature to the plate temperature according to Equa-
tion 3.37. The surface is assumed to be at a uniform and constant temperature for
the entire evaporation. This assumption is based on the substrate (silicon in the
experiments) being a good conductor.
T = T0 for z = 0, r ≤ R (3.37)
Finally, at the liquid-gas interface (drop surface), a boundary condition is applied to
account for evaporative cooling (Equation 3.38).
JHv = −k∇T̃ · n (3.38)
where Hv is the latent heat of vaporization of the liquid, an J is the mass flux as











3.6.1 Additional Effects of Thermal Variation
The changing temperature affects some of the variables that are usually constant
including density, viscosity, surface tension, diffusivity, thermal conductivity, satura-
tion concentration, and latent heat of vaporization. This section goes through each
variable that is affected by temperature and how these variables were modeled for a
nonisothermal drop.
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3.6.1.1 Density Varying with Temperature
Density variation leads to a big change to the formulation. The continuity equation
shown earlier has an assumption that the density, ρ, is constant. The full continuity




+ ∇̃ · (ρ̃ṽ) = 0 (3.40)
Equation 3.40 is nondimensionalized using the nondimensional variables in Equation













∇ · (ρv) = 0
Noting that tc = lc/vc (see Section A.2.1), the continuity equation reduces to,
∂ρ
∂t
+∇ · (ρv) = 0
∂ρ
∂t
+ ρ∇ · v +∇ρ · v = 0
∂ρ
∂t
+∇ · (ρv) = 0 (3.42)
The momentum equation is also affected by the density variation in two ways. The
first is that the momentum equation shown earlier had an assumption of incompress-
ibility (∇·v = 0). Without incompressibility, there are two (dimensional) components
of the stress tensor that change.









(∇ · ṽ) (3.43)









(∇ · ṽ) (3.44)
where κ is the dialation viscosity [82] and ˜ represents a dimensional quantity. The
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second change in the momentum equation is that density appears in the momentum
equation and this will now change as temperature changes.
For both the continuity and the momentum equations, an empirical correlation (Equa-
tion 3.45) was used to account for density variation with temperature.
ρ = −4× 10−6T 2 − 5× 10−5T + 1.0005 (3.45)
where density is in g/cm3 and temperature is in ◦C [83].
The change of pressure from density variation was neglected. The explanation for
this decision follows.
Based on the initial pressure differences throughout drop evaporation (seen in Figure
5.1), the pressure varies from approximately 2.3×107 to 1.7×107 dimensionless units.
Equation 3.46 shows how density varies with pressure [84].
p
p0






where p0 is the initial pressure, ρ0 is the initial density, and B and n are constants
that vary with each substance. For water, B = 3000 and n = 7. When considering
the values for water, and the pressure change in most drops, the change in density
due to pressure is negligible and was not considered in the model.
3.6.1.2 Viscosity Varying with Temperature
The effect of viscosity, µ, variation with temperature is not as large as the effect of
density variation, but is still significant. In the dimensional momentum equation,
the viscosity term appears in the stress tensor, T. Integration by parts performed
during the finite element formulation (to reduce the order of the residual to order one)
removes the divergence on T that appears in the general momentum equation. As
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such, the formulation does not need to be modified. Viscosity varies with temperature






= −1.704− 5.306z + 7.003z2 (3.47)
where z = 273.15K/T and µ0 = 1.788× 10−3kg/m-s for water.
The lowest temperatures encountered in the simulations presented is 14◦C, which
occurs from the evaporative cooling of a droplet on an unheated substrate. The vis-
cosity at this temperature is µ = 1.178× 10−3kg/m-s. The highest temperature that
occurs is 50◦C, which is the maximum temperature of the substrate. At 50◦C the
viscosity is µ = 5.44 × 10−4kg/m-s. In this work, it is assumed that the viscosity
variation is small and the value of viscosity is set to the value at T = 25◦C
3.6.1.3 Surface Tension Varying with Temperature
Surface tension, γ, which appears in the Capillary number, varies with temperature






= a(Tc − T ) (3.48)
where M is the molar mass of the fluid, a is a constant specific to the fluid and Tc is




[1− 0.002(T − 291K)]
As the surface tension changes, some surface terms also change. Previously we used
the relation,
ns ·T = −2Hn (3.49)
but this relationship has an implicit assumption of constant surface tension. When









where γ0 is the surface tension at ambient temperature. Also note that using the









3.6.1.4 Diffusivity varying with Temperature
Inside the liquid droplet, the diffusivity of particles in the liquid, Dp, will vary with





where kB is again the Boltzmann constant, and a is the radius of the particles. This
equation is only valid for spherical particles. In this equation, the numerator of the
fraction represents the thermal energy and the denominator represents the drag co-
efficient as particles travel through the liquid medium. The particle diffusivity, Dp,
appears in both the Péclet number and Damkhöler number.
At the lowest temperature encountered in these simulatins, 14◦C, the diffuisivity
for a 1 µm particle is Dp = 1.785 × 10−13 m2/s. At 50◦C, the highest temperature
encountered in this work, the diffusivity is Dp = 4.35 × 10−13 m2/s. This differ-
ence is minimal and diffusivity of particles is considered constant with respect to
temperature. The temperature to calculate diffusivity differences is set to 25◦C.
3.6.1.5 Thermal conductivity Varying with Temperature
There is no theory on the thermal conductivity change with temperature in a liquid
(as there is for gases). Instead, the following expression was derived from experimental
results [87].
k∗ = 1.26523 + 3.70483T ∗ − 1.43955(T ∗)2 (3.53)
where T ∗ = T/298.15K and k∗ = k(T )/k(298.15K). The variation of thermal con-
ductivity based on the temperature range encountered in this problem is minimal
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and ther thermal conductivity is assumed to be constant at T = 25◦C and k = 0.58
W/m-K.
3.6.1.6 Saturation Concentration Varying with Temperature
The saturation concentration, cvap, will vary with temperature according to Equation
3.54 for a water droplet [51].
cvap = 9.99× 10−7T 3 − 6.94× 10−5T 2 + 3.2× 10−3T − 2.87× 10−2 (3.54)
where cvap is in kg/m
3 and T is in ◦C.
Looking at the minimum and maximum temperature in this system, at 14◦C the
saturation concentration is 5.2 × 10−3 kg/m3. At the maximum temperature, 50◦C,
the saturation concentration is 8.2×10−2 kg/m3. In this work, it is assumed that the
variation of saturation concentration is minimal and a constant value for saturation
concentration at T = 25◦C is used.
3.6.1.7 Latent Heat of Vaporization Varying with Temperature
The final effect of temperature change which needs to be considered is on the latent
heat of vaporization. The latent heat of vaporization for water, Hv, will vary with
temperature according to Equation 3.55.






where Tc is the critical temperature for water which is 647K. [88]
Based on its small change for the temperature range encountered in this research,
the latent heat of vaporization is assumed to be constant at 2260 kJ/kg.
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3.7 Converting to Isoparametric Coordinates
To simplify the integration process in the finite element method, we map each element
from r and z coordinates to the isoparametric coordinates ξ and η. With these
isoparametric coordinates, each element will be a 1× 1 perfect square, allowing us to
integrate along the same bounds in each element, as demonstrated in Figure 3.4.
Figure 3.4. Isoparametric mapping transforms an irregular element
(left) to a standard one (right), using a Jacobian for the transforma-
tion. The numbers within each circle represent the local node number.






















Each unknown can be written as a summation of the nodal variable multiplied by the






































The bilinear basis functions are:
ψ1 = (1− ξ)(1− η)
ψ2 = ξ(1− η)
ψ3 = (1− ξ)η
ψ4 = ξη


























The biquadratic basis functions are:
φ1 = (1− 3ξ + 2ξ2)(1− 3η + 2η2)
φ2 = 4(ξ − ξ2)(1− 3η + 2η2)
φ3 = (−ξ + 2ξ2)(1− 3η + 2η2)
φ4 = (1− 3ξ + 2ξ2)4(η − η2)
φ5 = 4(ξ − ξ2)4(η − η2)
φ6 = (−ξ + 2ξ2)4(η − η2)
φ7 = (1− 3ξ + 2ξ2)(−η + 2η2)
φ8 = 4(ξ − ξ2)(−η + 2η2)
φ9 = (−ξ + 2ξ2)(−η + 2η2)
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The derrivative of each biquadratic basis function are,
dφ1
dξ
= (−3 + 4ξ)(1− 3η + 2η2)
dφ2
dξ
= (4− 8ξ)(1− 3η + 2η2)
dφ3
dξ
= (−1 + 4ξ)(1− 3η + 2η2)
dφ4
dξ
= (−3 + 4ξ)(4η − 4η2)
dφ5
dξ
= (4− 8ξ)(4η − 4η2)
dφ6
dξ
= (−1 + 4ξ)(4η − 4η2)
dφ7
dξ
= (−3 + 4ξ)(−η + 2η2)
dφ8
dξ
= (4− 8ξ)(−η + 2η2)
dφ9
dξ
= (−1 + 4ξ)(−η + 2η2)
dφ1
dη
= (−3 + 4η)(1− 3ξ + 2ξ2)
dφ2
dη
= (−3 + 4η)(4ξ − 4ξ2)
dφ3
dη
= (−3 + 4η)(−ξ + 2ξ2)
dφ4
dη
= (4− 8η)(1− 3ξ + 2ξ2)
dφ5
dη
= (4− 8η)(4ξ − 4ξ2)
dφ6
dη
= (4− 8η)(−ξ + 2ξ2)
dφ7
dη
= (−1 + 4η)(1− 3ξ + 2ξ2)
dφ8
dη
= (−1 + 4η)(4ξ − 4ξ2)
dφ9
dη
= (−1 + 4η)(−ξ + 2ξ2)




















































































In both directions of the momentum equation, in the particle concentration equations,
and in the temperature equation, there are a partial differentials with respect to time
(∂u/∂t, ∂v/∂t, ∂cp/∂t, and ∂T/∂t). To estimate the time derivate, the backwards













(v − vold) + c2v̇old (3.73)
where c1 = 2 and c2 = −1 for the trapezoidal rule and c1 = 1 and c2 = 0 for the back-
















































































































∇ · ezds = 0
The same implementatin is used for the particle and temperature residual equations.
3.9 Modeling the Radial and Axial Positions with the Elliptic Mesh Method
Two additional equations are needed to determine the r and z coordinates of each
node. An automatic node tracking algorithm is essential in free interface problems
such as this one because the domains (VI(t) and VII(t)) change with every time step.
In this work, the elliptic mesh method [89] was used to automatically space and
track the nodes. The elliptic mesh equations (Equations 3.74 and 3.75) optimize the



























































































































where η and ξ are isoparametric coordinates (which are discussed in Section 3.7), φi
is the basis function for the ith node (also discussed in Section 3.7), J is the transfor-
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mation Jacobian between isoparametric coordinates and cylindrical coordinates, and
g(η), f(ξ), M1, M2, ε1, ε2, and εs are all adjustable parameters. The adjustable pa-
rameters f(ξ) and g(η) can weight the mesh in a specific direction, and the adjustable
parameters ε1, ε2 control how much effect f(ξ) and g(η) have respectively. M1, M2
control how much the boundary nodes can move, which is particularly important
when there is a sharp point in the mesh (such as a small contact angle at the contact
line), see Appendix A.7 for a visual depiction of M1 and M2 effects. A full derivation
of the elliptic mesh residuals is given in Appendix A.3.
3.10 Newton’s Method
The equations governing the evaporating droplet system are nonlinear, which means
we cannot solve the equations in a single step. Instead, we use an initial guess and
Newton’s method to iterate through linearized versions of each equation and solve
for the unknowns until a convergence of 10−5 is reached. Equation 3.76 is Newton’s
method for iteration at the kth step where xk is the unknown at that step, f is the
governing equation and f ′ is the derivative of the governing equation.





f ′(xk)(xk+1 − xk) = −f(xk) (3.77)
In matrix form (when there are multiple unknonws and multiple governing equations),
Newton’s method can be written as,
J∆x = −R (3.78)
where J is the Jacobian matrix containing the derivative of each residual with respect
to each unknown variable, R is a vector of the governing equations (residuals), and
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∆x is the change in each unknown from the current step to the next step. For this























































































































































































































































When particle concentrations, surface concentrations, or temperature are not modeled
for a node, the matrix reduces accordingly. Section A.6 goes through the expanded
expressions for each term in Equation 3.79.
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3.11 Adaptive Time Stepping
After a convergence is reached in Newton’s method for a specific time, the simulation
continues to the next time step. To determine the size of the time step, the Adams-
Bashforth adaptive time stepping method is used [90]. Equation 3.80 shows the
algorithm used to pick a time step.





where ε = 10−3, ∆tn is the current time step, ∆tn+1 is the next time step, and dn+1





where ∆tn−1 is the previous time step, y
p
n+1 is the predictor defined in Equation 3.82,
and yn+1 is the corrector defined in Equation 3.83.



























To ensure that the time steps taken with the adaptive time stepping algorithm are
reasonable, a minimum of 1 × 10−6 and a maximum of 1 × 10−3 are enforced. The
adaptive time stepping can save computational time by allowing the simulation the
resolution of slow time steps while the simulation is rapidly changing and also allowing
the simulation to proceed in large time steps when the solution is not rapidly changing.
3.12 Optimization
3.12.1 Effectively Using the Elliptic Mesh
All of the code used in this work (based on the equations and method described
above) was written from scratch in FORTRAN by the author with the exception of
the matrix solvers. The simulations employed banded matrix solvers for efficiency.
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A B
Figure 3.5. On the left (Figure A), the elliptic mesh functions f
and g vary linearly from 0.3 to 1, creating a mesh that is focused at
the liquid-gas-solid interface. In On the right (Figure B), f and g are
constant and the mesh is not weighted. A weighted mesh decreases the
total number of elements needed to accurately model this problem,
reducing the computational time. Both figures have 225 elements
within the droplet.
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Even with optimized matrix solvers, modeling an evaporating droplet traditionally
poses problems with element resolution and computational time. At the liquid-solid-
gas interface (the edge of the drop), evaporative flux out of the droplet is rapid and
requires very dense element grids to solve accurately. Unfortunately, a dense mesh in-
creases the time to solve the problem immensely. To help alleviate the computational
time, a weighted mesh was employed. As seen in Figure 3.5, the elliptic mesh func-
tions f(ξ) and g(η) can be adjusted to focus the mesh at the edge of the droplet and
decrease the computational time required. At the contact line, the spacing between
nodes is approximately 400 nm.
3.12.2 Nodal Numbering
To reduce computational time, the nodes within the problem domain were purpose-
fully numbered. Nodal numbering schemes can reduce the bandwidth of the problem
matrix. The computational time to solve a matrix correlates with (bandwidth)2 [91],
so reducing the bandwidth significantly reduces the computational time.
The problem domain is broken up into either 7 regions or 14 regions. The num-
ber of regions (7 or 14) was chosen based on the degree of control needed to ensure a
sufficiently dense mesh for specific simulations. For details of region tessellation for
the problem domain, please reference Section A.1. For this optimization discussion,
seven regions are used. The elements start at the r = 0, z = 0 position (center of the
drop on the substrate) and then increase radially outward for the entire domain, as
shown in Figure 3.6.
The nodes are labeled in the same fashion, an entire nodal row is labeled in the
r-direction and then the row above is labeled, as shown in Figure 3.7. With this
numbering system, there are nodes within the same element with very different global
node numbers. However, because the bandwidth depends on the difference between
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Figure 3.6. To reduce the bandwidth, and consequentially the com-
putational time to solve this problem, the above numbering scheme
was employed. In red (the lower right corner of each element) is the
local element number (which restarts in each region). In black (the
upper left corner) is the global element number. The thick black lines
represent the region boundaries.
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Figure 3.7. Similar to the element numbering, the global nodal num-
bering was chosen to reduce the computational time. In the simula-
tions completed for this work, the number of nodes was much greater
than shown in this numbering example, but the global nodal number
scheme was the same.
global nodal numbers between adjacent elements, this numbering scheme minimizes
the bandwidth.
3.13 Experimental Methods
Experiments were performed to compliment computational results and to gain further
insight in the droplet evaporation problem.
An aqueous droplet with polystyrene particles was used in the experiments. The
polystyrene particles had a diameter of 1 µm or 3 µm and were generously provided
by PolySciences, Inc.1 Figure 3.8 shows the particles used.
1http://www.polysciences.com/
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Figure 3.8. I would like to thank PolySciences, Inc. for donating the
particles used in these experiments.
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Figure 3.9. The drop evaporation experiments were performed in this
box which was purged with dry air before the start of the evaporation.
Most of the evaporation experiments occurred on a silicon substrate except when
otherwise noted. The silicon was cleaned by sonication in acetone and then dried
with compressed air prior to evaporation. The polystyrene solutions were diluted to
the desired concentration using millipore water and a micropipet. All solutions were
sonicated to ensure a homogeneous mixture prior to dilution and evaporation.
Evaporation experiments were performed on a vibration minimizing table and in
a box which had been previously purged with dry air to control the humidity. Figure
3.9 shows the dry box where experiments took place. Although there is an input for
continuous dry air flow into the box, this was not used during the experiments to
prevent any convective air flow surrounding the droplet. An assumption of still air
surrounding the droplet was used when formulating the computational solution.
For some of the evaporation experiments the substrate was heated to a fixed temper-
ature. A hot plate was used to heat the substrate and keep the temperature fixed for
the evaporation. Good contact between the hot plate and silicon was ensured and
the temperature of the silicon was recorded.
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Figure 3.10. This is figure shows the setup for the pendant and sessile
drop experiments. The sole difference between these two experiments
is the direction of gravity. A micropipet is used to deposit the droplet
onto the substrate in both the sessile and pendant systems.
Both sessile droplets and pendant droplets were used in experiments. For the pen-
dant droplet experiments, a level was used to ensure that the substrate was aligned
perpendicular to the direction of gravity. This is shown in Figure 3.10.
Some of the evaporation experiments were filmed from a side-view to examine the
contact angle during the evaporation process. A Watec WAT-902B high resolution
camera was used for these experiments. After evaporation, the resulting particle pat-
terns were examined using an FEI Nova Nano Scanning Electron Microscope (SEM).
The particles were sputter coated with approximately 10Å of Platinum metal using
a Cressington sputter coater before imaging. Some experiments were imaged using
a Bruker multimode Atomic Force Microscope (AFM) instead of the SEM. These
samples were not coated with metal before imaging.
3.14 Constants & Simulation Parameters
Table 3.14 is a list of the constants and dimensionless groups used for the droplet
evaporation simulations. During some of the simulations the dimensionless groups are
changed to model a different droplet system, such as for the phase plots. However,
the values listed for the dimensionless groups below were used unless otherwise noted
in the Results section.
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Table 3.1.
Parameters & Constants Used in this Research
Variable Equation/Definition Value Units
lc drop radius 1× 10−3 m
cvap saturation concentration [51] 2.32× 10−2 kg/m3
D Diffusivity of water in air [92] 26.1× 10−5 m2/s
vc Dcv/ρlc 6.0552× 10−6 m/s
k thermal conductivity [87] 0.58 W/m-K
Ĉp specific heat capacity [93] 4181 J/kg-K
α k/ρĈp 1.387× 10−7 m2/s
µ viscosity [84] 8.9× 10−4 Pa-s
κ dilatational viscosity [82] 2.4× 10−3 kg/m-s
γ surface tension [85] 72.8× 10−3 N/m
ρ density of drop fluid [83] 999.97 kg/m3
ρparticle density of particle [94] 1050 kg/m
3
kB Boltzmann constant [95] 1.38× 10−23 m2kg/s2-K
Hv latent heat of vaporization [88] 2260 kJ/kg
m 4
3
(ρparticle − ρ)πa3 varies g
a particle radius varies m
Ca µvc/γ 7.402× 10−8 –
Re ρvclc/µ 6.8× 10−3 –
PeG mglc/kBT varies –
Pe lcvc/Dp varies –
P̂ e vclc/α 4.36× 10−2 –
Da k1lc/Dp varies –
Da−1 k−1lc/Dp 0 –
G gl2cρ/γ varies –
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4. CODE VALIDATION
4.1 Validation of Evaporating Droplet Code
The first validation of this code was the convergence. Using biquadratic elements in
the finite element method, each Newton’s iteration should converge quadratically. In
the simulations presented, quadratic convergence was observed. Table 4.1 lists the a
typical convergence for the droplet simulations in this work.
A more rigorous validation of the code is comparing the transport model written
for this work to published analytical results. Deegan [80] correlates dimensionless
flux (J) out of the droplet to radial position in the droplet according to Equation 4.1.
J = (1− r2)−λ
λ =(π − 2θ)/(2π − 2θ)
(4.1)
where θ is the contact angle between the substrate and the droplet. Figure 4.1A shows
the flux from the transport model simulation compared to the analytical expression
for flux from Equation 4.1.
Table 4.1.


















































Figure 4.1. Figure A: In the solid gray line is the analytical expres-
sion for evaporative flux by Deegan et. al. (Equation 4.1) [80]. In
the dashed green line is the transport model written for this work.
Figure B: In the solid dark blue line is the analytical expression for
evaporative flux by Hu and Larson (Equation 4.2) [77]. Again, the
green dashed line is the evaporative flux from the transport model.
In both figures r is the radial position in the drop, so it is seen that
as we approach the contact line, flux from the drop increases signif-
icantly. As seen in both the figures, the transport model simulation
has excellent agreement with the analytical models.
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In 2002, Hu and Larson [77] adjusted Deegan’s flux expression (Equation 4.1) to




Figure 4.1B compares the transport model used in this work to the analytical ex-
pression from Hu and Larson (Equation 4.2). As seen in the figures, there is good
agreement between the transport model and the analytical expressions.
A B
Figure 4.2. Figure A is the top of the evaporating droplet at the line
of symmetry. Figure B is the contact line of the same evaporating
droplet. In both images the vectors do not cross each other, an indi-
cation of a good model. In this simulation, there is no humidity and
the Capillary number, Ca = 8.4× 10−8.
Another method of validation is to examine the vector fields in the simulation. A
working code with enough elements to properly model the evaporation will have reg-
ular vector fields, without vectors that cross each other. Figure 4.2 shows the vector
field at the top of the evaporating droplet and at the contact line. These two regions





































Figure 4.3. The particles in the evaporating droplet model are con-
served. The solid blue line shows the concentration of particles on the
substrate surface. The droplet starts no particles on the surface, then
as the droplet evaporates, the particles accumulate on the substrate
surface. The dashed red line shows the concentration of particles in
the droplet. The concentration of particles on the surface decreases as
the particles accumulate on the substrate surface. The dotted black
line shows the sum of the particle concentration the droplet fluid and
on the substrate surface. This value is constant throughout the evap-
oration, which validates the particle conservation portion of the model
used in this work. This simulation is for a droplet with a radius of
1 mm, a Péclet number of 1, a Damköhler number of 10, a Reynolds
number of 6.8× 10−3 and a Capillary number of 8.4× 10−7.
4.2 Validation of the Particle Model
To confirm the validity of the particle model, the conservation of particle mass was
ensured. Figure 4.3 shows the conservation of particle mass for a droplet evaporation
with Pe = 1 and Da = 10. To calculate the particle concentration in the droplet





In some of the simulations, the Damköhler number was set to zero. Experimentally,
it has been shown that particles have low adhesion to the surface and a Da of 0 allows
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Figure 4.4. The particles in the evaporating droplet model are con-
served. The solid blue line shows the concentration of particles on
the substrate surface. The dashed red line shows the concentration
of particles in the droplet. In this case the Damkóhler number is zero
and no particles deposit on the surface throughout the evaporation.
This simulation is for a droplet with a radius of 1 mm, a Péclet num-
ber of 100, a Reynolds number of 6.8× 10−3 and a Capillary number
of 8.4× 10−7.
the particles to stay suspended in the fluid in accordance with experiments. Figure 4.4
shows the particle conservation for this case. The particles are still conserved as the
droplet evaporates, but they do not deposit onto the substrate surface. When gravi-
tational effects are implemented, the particle mass is still conserved. Figure 4.5 shows
that the particle concentration in the droplet is constant throughout the evaporation.
When the maximum packing concentration of particles is reached, the particle mass
is still conserved, as shown in Figure 4.6. There is less than 1% mass loss over the
time of the evaporation.
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Figure 4.5. The particles in the evaporating droplet model are con-
served when gravitational effects are added into the particle model.
The solid blue line shows the concentration of particles on the sub-
strate surface. The dashed red line shows the concentration of par-
ticles in the droplet. In this case the Damkóhler number is zero and
no particles deposit on the surface throughout the evaporation. This
simulation is for a droplet with a radius of 1 mm, a Péclet number
of 10, a gravitational Péclet number of 10, a Reynolds number of
6.8× 10−3 and a Capillary number of 8.4× 10−7.
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Figure 4.6. Left: The particles in the evaporating droplet model are
conserved when the maximum packing concentration is reached. The
solid blue line shows the concentration of particles on the substrate
surface. The dashed red line shows the concentration of particles
in the droplet. In this case the Damkóhler number is zero and no
particles deposit on the surface throughout the evaporation. There is
a slight mass change over time with the maximum concentration code,
however it is less than 1 % and within the reason for the computational
approach. Right: The mass of particles in the solid phase and liquid
phase over time. In the dashed-dotted grey line is the sum of both
phases, in the solid blue line is the solid phase, and in the dashed
green line is the liquid phase.
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4.3 Comparison of Computational Results to Experimental Results
Finally, the computational results presented in this work were compared with exper-
iments and show good agreement. More detail on this comparison is discussed in the
Results Chapter .
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5. RESULTS & DISCUSSION
5.1 Fluid Dynamics within an Evaporating Droplet
A B
Figure 5.1. This is the flow profile inside an evaporating drop. The
left (A) shows the profiles just after the simulation had started at
time = 0.075 and the right (B) shows the profiles towards the end of
evaporation at time = 0.425. The Capillary number for this simula-
tion is Ca = 8.5 × 10−8 and the humidity is 40%. There are 9,500
elements in this simulation.
r
z





Figure 5.2. This figure shows the flux leaving the drop during evapora-
tion. As expected, the flux is the greatest at the contact line (r = 1).
This is consistent with literature [80] [77] [57].
With the model verified, we can proceed to analyzing the flow within an evaporating
droplet. First, we will analyze the simulations without thermal variations or particles.
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The evaporation model has a pinned contact line which induces radially outward flow.
As seen in Figure 5.1, the streamlines approach the contact line. The flux leaving the
drop was calculated using Equation 5.1.
J = −ns · ∇c (5.1)
where J is the dimensionless flux out of the drop. Figure 5.2 shows that the contact
line is where there is the greatest flux. This is consistent with literature.
Figure 5.3. This is the vapor concentration (c) profile outside of the
drop. In this simulation the Ca = 8.5× 10−8 and the humidity is 40.
There are 9,500 elements in this simulation.
We can also analyze the vapor concentration surrounding the droplet. Figure 5.3
shows the vapor concentration surrounding the droplet. As expected, the vapor con-
centration is highest near the drop surface, and decreases further away from the drop.
The vapor concentration gradient is minimal between r = 10 and r = 20. This ob-
servation was also made by Hu & Larson [77] and indicates that the vapor domain of



































0.08 Pe = 1
Da = 10
Figure 5.4. This is the surface concentration of an evaporating droplet
with different values of the dimensionless Péclet and dimensionless
Damköhler groups. The coffee-ring deposition occurs when the Péclet
number is high and the Damköhler number is low.
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Figure 5.5. This is the particle concentration in an evaporating
droplet with a Péclet of 1 and a Damköhler of 10. The attractive
nature of the particles to the surface (high Damköhler number) leads
to the particles attaching to the surface before they can gather at the
contact line. This results in a centered deposition pattern instead.
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Figure 5.6. This is the particle concentration in an evaporating
droplet with a Péclet of 10 and a Damköhler of 0.1. The low at-
traction of the particles to the surface (low Damköhler number) and
convective nature of the particles (high Péclet number) leads to parti-
cles accumulating at the contact line as seen in the classic coffee-ring
depositions.
64
5.2 Particles in the Evaporating Droplet
When there are particles in the droplet during the evaporation the particles are de-
posited on the substrate surface during the evaporation. The final particle deposition
profile is determined by the Péclet (Pe) and Damköhler (Da) numbers. When the
Péclet number is high compared to the Damköher number, the deposited particle con-
centration is highest at the edge of the droplet (r → 1). High particle concentration
at the edge is seen in the “coffee-ring” effect.
Looking at the physical meaning of the dimensionless groups, ring patterns resulting
from high Péclet numbers is logical. The Péclet number is the ratio of particle con-
vection to particle diffusion. When the Pe number is high, the particles follow the
fluid streamlines closely. Figure 5.4 shows that the streamlines flow towards the edge
of the droplet.
The other dimensionless group, the Damköhler number is the ratio of a particle’s
attraction to the substrate surface compared to the particle’s diffusion. When the
Damköhler number is high, the particles are attracted to the substrate surface. A
high Da number and low Pe number leads to a centered pattern as seen in Figure 5.4.
Previous studies traced particle deposition in an evaporating droplet using Equation






+ v · ∇cp
)
= ∇2cp (5.2)
−n · ∇cp = Dacp −Da−1Γs (5.3)
5.2.1 Maximum Packing Concentration
As outlined in Section 3.5.1, only a finite concentration of particles can accumulate in
a specific area. At the contact line, as particles accumulate to form a ring, the particle
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concentration can reach the maximum packing. Figure 5.7 shows a simulation that
has reached the maximum allowed packing at the contact line and how the accumulate
proceeds. When the concentration is not allowed to increase at the outer edge of the
droplet, the particle ring widens and the particles start accumulating in a radially
inward direction.
5.2.2 Particle Deposition Experiments and Simulations Compared
In an evaporating water droplet with a radius of 1 mm and particles with a diame-
ter of 100 nm, the Péclet number is O(103). This flow is highly convective and the
particles accumulate very rapidly at the surface. Figure 5.8 shows the accumulation
of particles with a Péclet number of 10. Note that a lower Péclet number is used to
reduce the computational time for this simulation, but even with the reduced Pe the
particles accumulate rapidly.
In contrast, during our experiments, the particles did not deposit until the end of
the evaporation. Figure 5.9 shows the buildup of particles at the contact line of an
aqueous evaporating 2 µL droplet. This observation was recently made in another
experimental study as well by Parsa et al. [96]. For these reasons, we believe that the
current computational method of determining particle accumulation and deposition
onto a substrate during droplet evaporation is not sufficient. In addition, the current
method of particle accumulation and deposition does not match experimental results
when there are two particle sizes, which is further discussed in the next section.
The zeta potential of the particles used in this experimental work was measured
for both 1 µm and 3 µm particles and reported in Table 5.1. The values obtained are
typical for particles of this size. The zeta potential was obtained with Dynamic Light
Scattering using a ZetaPALS instrument from Brookhaven Instruments. Section A.9



























































































































































Figure 5.8. Using the previous model for particle accumulation in an
evaporating droplet (Equation 5.2), the particles accumulate rapidly
at the contact line. In the first three image figures the streamlines in
the droplet are shown on the left and the particle concentration on
the right at times 0.01, 0.035, and 0.075. The last image is a zoomed
in picture of time 0.075 to show the high particle concentration at the
contact line.
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Figure 5.9. The contact line of an aqueous 2 µL droplet during evap-
oration. The particles accumulate at the contact line primarily at the
end of the evaporation. At time=4:04 minutes, most of the particles
are still in solution.
Table 5.1.
Zeta Potential for the Particles Used in Experiments.
Particle Size Mobility Zeta Potential Relative Residual
1 µm −3.71± 0.39 −47.51± 2.22 0.024± 0.011
3 µm −4.18± 0.2 −53.47± 2.53 0.0279± 0.0040
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Figure 5.10. 1 µm and 3 µm sized particles aligned into rings during
the droplet evaporation. The droplet was 2 µL and the particle con-
centration was 0.025wt% with equal parts of each particle size. The
evaporation occurred on an unheated smooth silicon substrate in a
zero humidity environment.
5.3 Two Different Sized Particles
When there are two different sized particles in a droplet, the particles can separate
during the evaporation process and form different rings for each particle size. This
effect was experimentally shown by Wong et al. [33]. We analyzed particle separation
by droplet evaporation both experimentally and computationally to further under-
stand what drives the separation process. Figure 5.10 shows the separate rings from
our experiments on evaporation of a 2 µL aqueous drop with 0.025wt% of 1 µm and
3 µm polystyrene spheres. The particles separated during the evaporation process
with the smaller (1 µm) particles on the outer edge of the droplet and the larger (3
µm) particles on the inner part of the droplet.
70
Figure 5.11. The build up of particles at the edge of an evaporating
droplet for both 1 µm sized particles (left) and 3 µm sized particles
(right). The larger particles build up much faster than the smaller
particles at the edge, which does not match with experimental results.
To begin the computational investigation, the current model for determining the
concentration of a single particle size in an evaporating droplet was used for each












+ v · ∇cp2
)
= ∇2cp2 (5.5)
The change in Péclet number as a function of particle size is outlined in Section 3.3.
Figure 5.11 shows the accumulation of particles using Equations 5.4 and 5.5. The
3 µm sized particles accumulate much more rapidly at the contact line than the 1
µm sized particles. As seen in Figure 5.10 and in experiments conducted by other
researchers [33], this computational result does not match experimental results and
a new model to track particle accumulation is needed. To accurately model parti-
cle separation, thermal variation within the droplet needs to be considered, which is
discussed in Section 5.4.2.
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5.4 Droplet Evaporation for a Non-isothermal Case
Thermal effects on an evaporating droplet were examined extensively. First the re-
sults of an evaporating droplet without particles are briefly discussed to highlight
the different flow profiles that occur in a non-siothermal and an isothermal droplet.
Next, the effect of thermal variation within the droplet on particle deposition and
on particle separation is given. This section helps to explain why the computational
results in Section 5.3 did not match the experiments. Following the particle discusion,
an analysis of the buoyancy-driven flow in an evaporating droplet without particles
is provided.
5.4.1 Evaporation of a Sessile Droplet with Thermal Effects
When thermal variation is accounted for, evaporative cooling causes a temperature
gradient on the drop’s surface and consequentially a surface tension gradient on the
drop’s surface. The resulting surface tension driven flow is circular Marangoni cur-
rents.
Figure 5.12 shows the temperature gradient present in an evaporating droplet and the
resulting Marangoni circulations present in the flow fields. The temperature contours
in this figure are for an evaporating droplet with a heated substrate (60◦C). When
the substrate is unheated, the effects of evaporative cooling are more prominent as
shown in Figure 5.13. In both the heated substrate and unheated substrate case,
Marangoni currents are present.
5.4.2 Particle Model with Thermal Effects
As discussed in Section 5.4.1, when thermal variation in the droplet is considered,
the streamlines in the evaporating droplet differ significantly due to Marangoni cur-
rents (shown in Figure 5.13). During the evaporation, as the particles follow these
streamlines, the particle deposition also varies significantly. Looking at the parti-
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Figure 5.12. Non-isothermal simulation showing Marangoni currents
in the evaporating droplet. The substrate temperature is 60◦C, the
humidity is zero, the Capillary number is Ca = 8.4 × 10−7, the
Reynolds number is Re = 6.8× 10−3, and the thermal Péclet number
P̂ e = 4.36× 10−2.
Figure 5.13. Non-isothermal simulation showing Marangoni cur-
rents in the evaporating droplet. The substrate temperature is
unheated (25.1◦C), the humidity is zero, the Capillary number is
Ca = 8.4 × 10−7, the Reynolds number is Re = 6.8 × 10−3, and the
thermal Péclet number P̂ e = 4.36 × 10−2. The evaporative cooling
causes the cooling temperature dip seen in the center of the drop. In
comparison to the heated substrate case (Figure 5.12) the Marangoni
currents are larger, reaching the bottom and center of the droplet.
Note that the negative temperatures shown are a cause of the non-
dimensionalization of temperature and correlates to a dimensional
temperature of about 14◦C.
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Figure 5.14. This image shows the build up of 3 µm sized particles
at the contact line of an evaporating droplet. On the left thermal
variation is considered and the streamlines circulate due to Marangoni
currents. On the right the droplet is isothermal and the particles
rapidly build up on the contact line. The isothermal model does not
match experimental results, but the model that considers thermal
variation does match experimental results.
cle accumulation with and without thermal effects considered, we can see that when
thermal effects are accounted for the model matches experiments (Figure 5.14). The
Marangoni currents keep particles suspended in the droplet for the majority of the
evaporation. It is only at the end of the evaporation, when the drop is very thin, that
the particles accumulate rapidly at the contact line.
The deposition of individual particles during an evaporation was filmed to gain a
better understanding of particle separation at the contact line. Figures 5.15 and 5.16
show how smaller 1 µm sized particles will travel around the larger 3 µm particles,
which are stopped from their geometric constraints. Figure 5.17 demonstrates the
geometric constraints of the larger particles when approaching the contact line. Cor-
responding this result to the computational results, it is not necessary for the smaller
particles to deposit first in the model. Instead, it is only necessary for there to be a
concentration lower than the maximum packing concentration so that the smaller par-
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Figure 5.15. Images from a video of particles depositing on the contact
line of an aqueous evaporating droplet. The original droplet volume
was 2 µL and the original particle concentration was 0.025wt%. Each
image is a different time progressing from left to right and top to
bottom. There are two different sized particles 1 µm and 3 µm. The
arrows point to two 1 µm particles as they are depositing at the
contact line. At time 3:37 minutes, the two 1 µm particles travel
around the larger 3 µm particles and deposit closer to the edge of the
droplet. A supplementary video of this evaporation can be provided
upon request.
ticles can travel around the larger particles. In the isothermal model, the maximum
packing concentration is reached quickly and smaller particles are not able to travel
around the larger particles. However, when surface tension driven flow is considered,
most of the particles stay suspended in the fluid until the end of the evaporation,
allowing space for the smaller particles to reach the outer contact line.
Comparing Figure 5.17 with Figure 5.10, it is clear that a low concentration of parti-
cles is needed to form two separate rings. The AFM image in Figure 5.17 shows that
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Figure 5.16. Images from a video of particles depositing on the contact
line of an aqueous evaporating droplet. The original droplet volume
was 2 µL and the original particle concentration was 0.025wt%. Each
image is a different time progressing from left to right and top to
bottom. There are two different sized particles 1 µm and 3 µm. The
arrows point to a 1 µm particle as as it deposits at the contact line.
At time 1:12 minutes, the 1 µm particle approaches the larger 3 µm
particles, at 1:13 the 1 µm particle touches or comes within close
proximity of the 3 µm particle and then travels around it. Finally,
at 1:15 the 1 µm particle deposits at the edge of the droplet, closer
to the contact line than the 3 µm particle. A supplementary video of
this evaporation can be provided upon request.
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Figure 5.17. On the left is an Atomic Force Microscopy (AFM) im-
age of the ring formed during the evaporation of 1 µm and 3 µm
polystyrene spheres in an aqueous solution on a glass substrate. The
drop solution contained 0.165wt% particles. The 1 µm particles are
accumulated at the edge because the larger 3 µm particles are con-
strained geometrically from approaching the outer edge of the contact
line. This was consistent around the entire ring of the droplet. The
figure on the right shows a sketch of how the larger particles are geo-
metrically constrained by the contact angle.
only small particles are on the outer edge of the particle ring, which is consistent with
Figure 5.10 and with particle separation. However, two separate rings are not formed
because the concentration of particles (0.165wt% polystyrene) is high and a single
thicker ring is formed instead with both particles. When there is a higher particle
concentration and the maximum packing of particles is reached, the 1 µm particles
which arrive at the contact line after the 3 µm particles cannot proceed to the outer
edge.
A maximum packing concentration was reached in the evaporation shown in Fig-
ure 5.18, which has three deposition bands. The outer edge is 1 µm particles that
reached the contact line before the maximum packing of 3 µm particles occurred. The
center band is the 3 µm particles, which were geometrically constrained and could
not reach the outer edge, but arrived at the contact line before the smaller particles.
Finally, the inner band is the 1 µm particles that reached the contact line after the
maximum packing of 3 µm particles occurred and could not reach the outer edge.
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Figure 5.18. 1 µm and 3 µm particles that accumulated at the outer
edge of a 2 µL aqueous droplet during evaporation on a silicon sub-
strate. The initial particle concentration was 0.05wt%. This depo-
sition profile is an example of an evaporation with a high enough
concentration for the maximum packing concentration of particles to
be reached on the on the contact line. The outer band is the 1 µm par-
ticles that traveled around the 3 µm particles before the maximum
packing concentration was reached. The center band is the 3 µm
particles which reached the contact line first and eventually blocked
the remaining 1 µm particles from reaching the contact line. These
blocked particles make up the third and inner band.
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5.4.3 Buoyancy-Driven Flow in an Evaporating Droplet
In an isothermal droplet, evaporative flow is the only type of flow present. Evapo-
rative flow is radially outward and the predominant type of flow examined in past
studies. When thermal variations are considered, both Marangoni currents (surface-
tension driven flow) and buoyancy-driven flow are present in an evaporating droplet.
This Section analyzes the extent of buoyancy-driven flow in an evaporating droplet.





+ReCav · ∇v +G = Ca∇ ·T (5.6)
where G = gl2cρ/γ is the gravitational bond number.
A simulation at zero humidity and a heated substrate at 50◦C was run with and
without density variation. Figures 5.19 and 5.20 show the streamlines throughout
the evaporation without density variation (left) and with density variation consid-
ered (right). The streamlines are significantly different during the initial stages of
evaporation for these two simulations. When there is density variation, the heated
substrate causes flow towards the top of the droplet because the less dense, hotter fluid
rises. This buoyancy-driven flow is not seen when density variation is not considered.
As time progresses, radial flow from the evaporation and Marangoni circulations from
the surface tension variation dominate the streamlines within the droplet. As the con-
tact angle decreases, the drop’s temperature becomes more uniform from the heated
plate. The droplet fluid is both closer in proximity to the heated plate and the heat
from the plate has had sufficient time to diffuse through the entire droplet. At lower
contact angles, the difference between simulations with and without density variation
is indistinguishable, as seen in Figure 5.19.
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Figure 5.19. The flow profile of an evaporating water droplet (ra-
dius=1 mm) on a conductive substrate heated to 50◦C. The left side of
the droplet is the simulation when density is assumed to be constant.
The right side of the evaporation is when density varies with tem-
perature according to Equation 3.45. There are significantly different
flow profiles between the two simulations during the initial stages of
evaporation. Figure 5.20 shows the continuation of this simulation.
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Figure 5.20. This figure is a continuation of the evaporation in Figure
5.19. As the drop contact angle decreases, the temperature in the
drop becomes more uniform and the density variation throughout the
drop decreases causing the two flow profiles to be more similar.
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Figure 5.21. The droplet aspect ratio (drop height/drop radius) for a
simulation with density variation (solid blue line) and with constant
density (dashed red line). As the simulation progresses, the aspect
ratio decreases as the drop evaporates for both simulations with and
without density variation. The difference between density variation
is small.
Even though the flow profiles between a droplet evaporation simulation with density
variation and without density variation differ, the overall evaporations are similar.
Figure 5.21 shows the droplet aspect ratio throughout the evaporation. There is a
slight difference in aspect ratio between the simulation with and without density, but
the trends in the two cases are the same. Figure 5.22 shows the initial dimensionless
flux from the evaporating droplet with and without density variation. There is no
significant difference in the flux leaving the droplet for simulations with and without
density variation.
When there is high humidity, the results differ. Figure 5.23 shows the simulation
results for a droplet evaporation with density variation (left) and constant density
(right) for an environment with 90% humidity. Similar to the no humidity environ-
ment, the simulation with density variation starts with buoyancy-driven flow where
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Figure 5.22. The dimensionless flux as a function of radial position in
the droplet. The simulation with density variation is shown in a solid
blue line, the simulation without density variation is shown as red
squares. This is the flux at the beginning of the droplet evaporation.
The flux is greatest at the contact angle for both simulations, which
concurs with previously reported literature. There is no significant
difference between the simulations with and without density.
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the less dense, hotter fluid flowing upwards. The radial flow and surface tension cir-
culations eventually dominate the flow streamlines; however, because of the humid
environment it takes much longer for this to happen. In addition, the evaporative
cooling has a reduced effect on the temperature at the apex of the droplet because
the evaporation happens much slower than for the no humidity case. Figure 5.24
shows that while most of the drop has not yet evaporated, the temperature profile
is constant throughout the droplet and the difference between a simulation with and
without density variation is minimized at this point.
In the 90% humidity environment, there is a different trend in the aspect ratio pro-
gression for the simulation with varying density. Figure 5.25 shows the aspect ratio
for a simulation with density variation in the solid blue line and without density vari-
ation in the dashed red line. In the high humidity case, buoyancy-driven flow causes
the aspect ratio to increase initially.
Pearson’s dimensionless number B = ρgh2C/(7.1375β) does not consider humidity
or the slow initiation of a temperature gradient on the surface due to slow evapo-
ration. In the case of high humidity, evaporative flow (radially outward) is weaker
because the driving force of a vapor concentration gradient surrounding the droplet
is smaller. The slower evaporation also leads to less evaporative cooling, which de-
creases the strength of the Marangoni currents within the droplet. With a weaker
driving force for both the evaporative flow and Marangoni flow, the buoyancy-driven
flow is comparably stronger and effects droplet evaporation more.
The effect of buoyancy-driven flow is stronger with higher humidity. Figure 5.27
shows the droplet aspect ratio (drop height/drop radius) over time for different hu-
midity cases (0% humidity, 50% humidity, 90% humidity, and 99% humidity). With
increasing humidity, the aspect ratio increases more, deviating more from the simu-
lation where density variation is not considered.
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Figure 5.23. The flow profile of an evaporating water droplet (ra-
dius=1 mm) on a conductive substrate heated to 50◦C and ambient
humidity of 90%. The left side of the droplet is the simulation when
density is assumed to be constant. The right side of the evapora-
tion is when density varies with temperature according to Equation
3.45. There are significantly different flow profiles between the two
simulations. Figure 5.24 shows the continuation of this simulation.
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Figure 5.24. This figure is a continuation of the simulation shown
in Figure 5.23. The slow evaporation causes the droplet to reach a
uniform temperature before the droplet contact angle is low. At this
point, the buoyancy-driven flow is suppressed.
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Figure 5.25. At 90% humidity, the aspect ratio (drop height/drop
radius) progression differs between a simulation with constant density
and one with density variations considered. In the dark blue solid
line is the simulation where density variation is accounted for, in the
dashed red line is the simulation where density is assumed constant.
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Figure 5.26. At 90% humidity, the flux between a simulation where
density is considered and one where density is not considered is sig-
nificantly different. In the dark blue dashed line is the simulation
where density variation is accounted for, in the solid red line is the
simulation where density is assumed constant.
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Figure 5.27. The green dash-dot line is 0% humidity, the solid pink
line is 50% humidity, the blue dashed line is 90% humidity and the
orange dotted line is 99% humidity. All simulations were for an evapo-
ration with a substrate at 50◦C with buoyancy-driven flow considered.
As the humidity increases, the initial increase in aspect ratio from the
buoyancy-driven flow is larger. As time progresses, the evaporative
(radial) flow leads to a decrease in aspect ratio. For high humidity en-
vironments, the time for evaporative flow to dominate the flow profiles
within the droplet is significant.
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A phase plot was created to determine when buoyancy-driven flow is significant
and when it is not, as shown in Figure 5.29. Many of the simulations that con-
sider buoyancy-driven flow start out with significantly different flow profiles but then
as the simulation continues the effects of buoyancy-driven flow are sometimes sup-
pressed. Figure 5.28 shows the axial velocity at the surface at two different time
points to demonstrate this concept. After the evaporation is 10% completed, the
normalized sum of the least squares calculation (Equation 5.7) was completed to de-
termine the difference between a simulation with buoyancy-driven flow and without













where N is the number of nodes on the surface of the droplet, vi is the axial velocity
without buoyancy-driven flow at node i, vbi is the axial velocity with buoyancy-driven
flow at node i, v̂i is the average between the axial velocity with and without buoyancy-
driven flow at node i, and u is the radial velocity.
5.5 Contact Line De-pinning
Under certain experimental conditions, the contact line in an evaporating droplet can
de-pin. When a droplet de-pins surface tension pulls the droplet inward and a new
pinned contact line is formed with a smaller contact area between the droplet and
the substrate. De-pinning was examined as a potential cause of particle separation
that is seen in evaporating droplets.
When the concentration of particles in the droplet is low, the contact line will de-pin.
At low particle concentrations, there is not sufficient build-up of particles to continue
the capillary wicking at the edge of the droplet which keeps the contact line pinned.
Figure 5.30 shows the particle deposition of three identical droplets with different
particle concentrations. As the particle concentration decreases, the contact line de-
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Figure 5.28. The axial flow at the droplet surface for three different
simulations. In the blue squares, only the evaporative flow is consid-
ered. In the black circles, both evaporative flow and surface tension
flow are considered. Finally, in the green triangle, evaporative flow,
surface tension flow, and buoyancy-driven flow are all considered. In
this case, the effects of buoyancy-driven flow are significant. First
image, time=0.002. Second image, time=0.095
91
Figure 5.29. A phase plot of the Marangoni number (Ma =
∆TγT lc/µk) vs the Gravitational Bond number (GB = gl
2
cρ/γ) where
γT is the derivative of surface tension with respect to temprature.
This plot shows the error between a solution with and without buoy-
ancy flow considered after 10% of the evaporation has finished. Note:
This is an ongoing investigation. Please look for future publications
to view the completed phase diagram.
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Figure 5.30. All images are the deposition of 1 µm and 3 µm
polystyrene particles from a 1 µL droplet evaporation of a wa-
ter polystyrene mixture on a glass substrate. The left image has
a polystyrene concentration of 0.083wt%, the center image has a
polystyrene concentration of 0.041wt%, and the right image has a con-
centration of 0.021wt%. At higher concentration the ring is unable to
depin from the original contact line because the particles induce cap-
illary wicking. At lower concentrations, the ring can depin multiple
times, resulting in multiple concentric rings.
pins multiple times to form a series of new contact lines. The asymmetry seen in the
far right photograph with the lowest particle concentration was typical of de-pinning
drops in our experiments.
Multiple rings also formed when the substrate was heated. Figure 5.31 shows the
same droplet solution evaporated at three different substrate temperatures. The
higher substrate temperatures lead to multiple rings in the final deposition profile.
Although there are multiple rings, the rings look significantly different from the mul-
tiple rings formed when a decrease in particle concentration leads to de-pinning.
A video was taken of the droplets during evaporation to examine the contact angle
de-pinning. Figure 5.32 shows an evaporating droplet with an unheated substrate.
There is was no de-pinning during this evaporation. Figure 5.33 shows an evaporating
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Figure 5.31. A top-down view of the particle deposition remaining af-
ter an evaporation of a water droplet with 1 µm and 3 µm polystyrene
particles (0.025wt%) evaporating on a glass substrate at different tem-
peratures. As the temperature increases, the contact line can de-pin
multiple times resulting in concentric rings.
droplet with a substrate heated to 50◦C. With the heated substrate, there was one
instance of ring de-pinning.
It was thought that the de-pinning of an evaporating droplet could improve the sep-
aration between the inner and outer ring of particles with 1 µm sized particles on
the outer ring and 3 µm sized particles on the inner ring. This original hypothesis
was disproved by the SEM images of droplets that had de-pinned into multiple rings.
Figure 5.34 shows the two separate rings formed from a de-pinning droplet. Both the
inner and outer ring have a mixture of 1 µm and 3 µm particles. The separation is
in fact worse than when no de-pinning occurs. This is likely due to the time that
the particles have to deposit before the contact line de-pins. Experiments imaging
individual particle deposition showed that particles slowly deposit into two separate
rings and that geometric constraints cause the separation. Please reference Section
5.4.2 for more details. The quick evaporation from a heated substrate amplified by
the de-pinning which gives the particles less time to align in rings by particle size

























































































































































































































































































































































Figure 5.34. The particle deposition from an evaporating droplet that
was 1 µL with 0.05wt% concentration of 1 µm and 3 µm polystyrene
spheres. The substrate surface was silicon and the substrate was
heated to 80◦C to induce de-pinning. The droplet de-pinning did
not aid particle separation and in fact decreased the separation of
particles.
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5.6 Pendant vs Sessile Droplets
Most of the droplets examined in this study were sessile droplets. In this section we
analyze the difference between sessile droplets and pendant droplets and the effect of
gravity on particle deposition. Figure 5.35 shows the contact angle of an evaporating
pendant droplet with a room temperature substrate during the evaporation process.
The total time for evaporation and contact angle progression is comparable to a ses-
sile droplet evaporation with a room temperature substrate (Figure 5.32). However,
the resulting particle profile is significantly different. A pendant and sessile water
droplet with a mixture of 1 µm and 3 µm polystyrene spheres were evaporated at
room temperature and 0% humidity to determine the effect of gravity on particle dis-
tribution. The experiments were identical except for the direction of gravity. After
drying, the particle deposition pattern from the sessile droplet represented the classic
drop evaporation coffee-ring with a fixed contact line and particles accumulating at
the edge, which is shown in Figure 5.36. The pendant drop, however, had very differ-
ent results. The contact line appears to not be pinned and only 1 µm particles were
deposited in the ring. The SEM images in Figure 5.36 clearly show this difference.
Looking at the center of the droplet, the distribution of particles also differs be-
tween the pendant and sessile droplets. In the pendant droplet the center portion of
the particle deposition contains primarily 3 µm sized particles. In the sessile droplet,
the center contains a mixure of 3 µm and 1 µm particles. This is shown in Figure
5.37. From a mass conservation perspective, this is the expected result; the 3 µm
sized particles should be in the center of the pendant droplet if they are not on the
edge of the droplet.
Although the contact line appears to not be pinned for the pendant droplet based
on the particle SEM images, Figure 5.35 shows otherwise. Both the pendant droplet













































































































































































































































































Figure 5.36. On the top left is the contact line of a pendant drop after
the evaporation has finished at 500x magnification. The contact line
contains only 1 µm sized particles. On the top right is the contact
line of a sessile droplet after evaporation at 500x magnification. For
both of the 500x magnification images, a red line was drawn outside
of the droplet to highlight the difference in contact line patterns for
pendant and sessile droplets. In the sessile droplet, both of the Both
1 µm and 3 µm particles are present at the contact line. In addition
there is a circular contact line for the sessile droplet and a wavy line
for the pendant droplet. The bottom left image shows the pendant
droplet contact line at 2,000x magnification and the bottom right
shows the sessile drop contact line at 2,000x magnification. In the
2,000x magnification images, it is clear that in the pendant droplet
contact line only 1 µm sized particles are present at the contact line
and in the sessile droplet contact line both 1 µm and 3 µm sized
particles are present at the contact line.
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Figure 5.37. A comparison of the particles in the center of the droplet
for a pendant droplet (left) and a sessile droplet (right). The mag-
nification 2,000x and the evaporation substrate for these experiments
was silicon at room temperature. The concentration of particles was
0.025wt% at the start of the evaporation.
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macroscopic scale throughout the evaporation. The final image in the seires of both
Figure 5.35 and Figure 5.32 is a top down image of the particle deposition after
the droplet has finished drying. The deposition profiles for the pendant and sessile
droplets look signficantly different from this marcoscopic perspective as well, support-
ing the results from the SEM images. The pendant droplet has more particles in the
center of the droplet than the sessile droplet.
Our previous research showed that although 1 µm particles are deposited on the
outer edge of a droplet ring, they arrive after the 3 µm particles are deposited on the
edge and can simply travel around the larger particles [97]. Looking at the Péclet
number for different sized particles, the smaller particles have a lower Péclet number,
and thus follow the streamlines to accumulate at the edge of the droplet at a slower
rate than the larger particles. The Péclet number varies with particle size according









where lc is the characteristic length (drop radius), vc is the characteristic velocity, Dp
is the particle diffusivity, kB is the Boltzmann constant, T is the temperature in the
droplet, µ is the droplet fluid viscosity, a is the particle radius, and i = 1, 2 is the
particle number. A smaller particle size will have a larger diffusivity and therefore a
smaller Péclet number.
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In the sessile droplet, gravity pulls the particles towards the substrate surface (both
at the contact line and throughout the entire substrate surface) instead of away from
the substrate as in a pendant droplet. According to Equation 3.30, the gravitational
pull on a particle correlates with the particle radius cubed. The 3 µm particles will
be affected by the direction of gravity more than the 1 µm particles. Gravitational
pull towards the substrate surface in a sessile droplet allows for the particle presence
at the contact line to be established rapidly leading to a uniform contact line.
In the pendant droplet, the particles do not reach the edge as quickly as in the
sessile droplet because gravity pulls the particles away from the substrate surface and
conatact line. The 3 µm sized particles, which because of their higher Péclet number
reach the contact line first, do not ever reach the contact line because of the strong
pull of gravity away from the substrate surface, leading to a brief lag in time between
the start of evaproation and a particle presence at the contact line. A semi-pinned
contact line is established because as the contact line begins to recede, the particles
begin to reach the droplet contact line. When the particles reach the contact line for
a specific location on the edge of the droplet, that portion of the contact line is fixed.
However, an adjacent portion of the contact line may not yet be fixed, leading to a
wavy contact line.
Also note that there are a few stray particles outside of the droplet in the pendant
droplet case. This is not seen in the sessile droplet case. This occurs because the
moving contact line in the pendant droplet can deposit a few particles at the outer
edge and then recede inward where the bulk of the particles are deposited. The con-
tact line in the pendant droplet does wavier, but it does not jump as often seen with
a heated substrate. Figure 5.35 shows that the contact line macroscopically remains
fixed for the entire evaporation.
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A new model was proposed to incorporate graviational effects into particle concen-
tration in an evaporating droplet (Equation 3.16). The previous model used to track





+ v · ∇cp
)
= ∇2cp (5.10)
With Equation 5.10, the 3 µm sized accumulate rapidly at the edge of the droplet
because of their higher Péclet number. There is also no distinction between a sessile
and a pendant droplet, which based on our experimental results is clearly inaccurate.
The new model (Equation 5.11) accounts for gravitational effects adn can be changed





+ v · ∇cp
)
+ PeGez = ∇2cp (5.11)
Figure 5.38 shows the particle concentration distribution in the droplet during the
evaporation of a pendant droplet using Equation 5.11 to model the particle concen-
tration in the droplet. The 3 µm sized particles accumulate in the center (bottom)
of the pendant droplet and do not accumulate at the contact line, which is consistent
with our experimental results. Figure 5.39 shows the distribution of 1 µm particles in
this same simulation. The 1 µm particles are not signficantly affected by the gravita-
tion pull and stay suspended in the droplet, accumulating at the contact line. This
computational result for a pendant droplet matches our experimental results.
The final particle deposition profiles for a pendant and sessile droplet with 1 µm
and 3 µm particles are shown in Figure 5.40. The pendant droplet has a high concen-
tration of 3 µm sized particles in the center of the droplet and 1 µm sized particles
at the edge of the droplet, which is also seen in the experiments.
As seen in the experimental and computational results, the pendant droplet leads
to better separation between the 1 µm and 3 µm particles with the 1 µm particles at
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Figure 5.38. A simulation of a pendant droplet with 3 µm sized par-
ticles. The particles accumulate at the apex of the droplet due to the
gravitational pull on the particles. The top image shows the particle
concentration contours for the entire droplet. The bottom left image
shows the center of the droplet with a very high concentration of par-
ticles accumulating at this point. The bottom left image shows the
contact line where there is minimal buildup of 3 µm particles.
105
Figure 5.39. A simulation of a pendant droplet with 1 µm sized parti-
cles. The 1 µm sized particles do not rapidly accumulate in the center
of the droplet, as seen for the 3 µm particles in Figure 5.38.
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Figure 5.40. The concentration profile on the surface of an evaporated
sessile droplet with gravitational effects. On the y-axis is particle
concentration and on the x-axis is radial position in the droplet. In
this simulation Pe = 10, PeG = 10, Da = 0, Re = 6.8 × 10−3,
Cq = 8.4× 10−7, and P̂ e = 4.36× 10−2.
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the edge of the droplet and the 3 µm particles in the center. The particle separation
that occurs during a pendant droplet evaporation could be used to enhance a variety
of technology such as malaria detection devices [32] and biosensors [47].
The results and discussion on pendant drops thus far concerned only a water droplet
with a 1 mm radius and with polystyrene particles on a silicon substrate. A phase di-
agram was created for various Péclet (Pe), Damköhler (Da), and gravitational Péclet
(PeG) numbers to show how this new model applies to a variety of fluid mediums,
particles, and substrates. The phase diagram shown in Figure 5.41 has three different
deposition profiles for sessile droplts. The three deposition profiles (centered, ring,
and bullseye) are shown in Figure 5.42.
When the gravitational Péclet number is low, the particles follow the streamlines
closely and the deposition patterns match previous reports [44]. A low PeG value
occurs when the particles are small or when the density difference between the parti-
cles and the droplet fluid is small. When the gravitational Péclet number is high and
the ratio Pe/Da is low, the particles fall to the substrate surface rapidly and stay
there, forming a centered pattern. A high Péclet number occurs when the particles or
when the density of the particles is much higher than the density of the droplet fluid.
The bullseye profile pattern occurs in the intermediate region when the gravitational
Péclet number is high enough to impact the particle trajectories, but low enough to
prevent the particles from instantly falling out of solution.
5.7 Surface Roughness
This section briefly discussed the preliminary results regarding the effects of surface
roughness on whether or not particles can separate. The root mean square of surface
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Figure 5.41. A phase diagram of sessile droplet profiles obtained from
different Da, Pe, and PeG numbers. There are three different depo-
sition patterns formed, which are depicted in Figure 5.42.
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Figure 5.42. The three different deposition profiles obtained from
various Pe, Da, and PeG numbers.
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Table 5.2.
Surface Roughness for Substrates Used in Evaporation Experiments
substrate surface roughness
smooth silicon 0.145 nm [99]
rough silicon 238 nm ± 82.3 nm
aluminum 348 nm ± 311 nm
roughness was used to quantify the roughness of different surfaces in this work and





where yi is the difference between each height and the mean height and n is the number
of heights sampled [98]. The root mean square of the surface roughness was measured
using Atomic Force Microscopy (AFM) for the rough surfaces and is reported in lit-
erature for the smooth silicon substrate [99]. Table 5.2 shows the roughness values
for the substrates used in this work. Both the silicon and aluminum substrates had a
contact angle of 45◦ with an aqueous 1 µL droplet. On rough surfaces, the 1 µm and 3
µm particles did not separate and did not exhibit the ordered patterns of the smooth
silicon substrate. Figure 5.43 shows an image of the entire droplet after evaporation
on an aluminum substrate. The particles do not all make it to the contact line to
form a distinct ring even though the initial particle concentration is low. Figure 5.44
shows the entire droplet after an evaporation on a smooth silicon substrate. There
are less particles remaining in the center of the droplet than in the droplet evaporated
on aluminum. In addition, the center particles from the smooth substrate still from
an inner ring (sometimes referred to as a skin). In contrast, the inner particles on the
aluminum substrate form a uniform layer.
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Figure 5.43. This is the particle pattern after an evaporation of an
aqueous droplet with 0.021wt% of 1 µm and 3 µm polystyrene spheres
with a 3µL volume on an aluminum substrate. Even though the
concentration is low, the particles do not all accumulate at the contact
line. Many of the particles remain in the center of the droplet.
Figure 5.44. This is the particle pattern after an evaporation of an
aqueous droplet with 0.021wt% of 1 µm and 3 µm polystyrene spheres
with a 3µL volume on a smooth silicon substrate. A clear ring pattern
is seen. Although three are some particles in the center, it is signif-
icantly less than the number of particles in the center of the droplet
on the aluminum substrate.
112
Figure 5.45. This is the particle pattern after an evaporation of an
aqueous droplet with 0.165wt% of 1 µm and 3 µm polystyrene spheres.
The droplet volume was 1 µL on a aluminum substrate. The 1 µm and
3 µm particles are homogeneously mixed and are unable to separate
because the substrate is rough.
The differences in deposition are visible microscopically as well as on the macro-
scopic level. Figure 5.45 shows that no particle ordering or separation occurs on the
aluminum substrate with high surface roughness. The particles are unable to separate
and are deposited homogeneously on the rough substrate. Figure 5.46 is a n SEM
image of particles deposited on a rough silicon substrate and again there is no particle
separation or alignment; the particles are homogeneously deposited.
In contrast, on the smooth silicon substrate the particles are able to align by size, as
seen in Figure 5.47. This observation was consistent throughout all of the experiments
in this work: separation only occurred with smooth substrates.
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Figure 5.46. The deposition ring formed from the evaporation of a
2 µL aqueous droplet with 0.165wt% of 1 µm and 3 µm polystyrene
spheres. The particles are unable to separate into rings because of
the rough surface.
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Figure 5.47. This is the particle pattern after an evaporation of an
aqueous droplet with 0.165wt% of 1 µm and 3 µm polystyrene spheres.
The droplet volume was 1 µL on a smooth silicon substrate. The 1
µm and 3 µm particles were able to align with only the 1 µm particles
at the edge and the 3 µm particles in the center.
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6. SUMMARY
In summary, there are several factors that contribute to the separation of particles by
size in an evaporating droplet. Using both a computational and an experimental ap-
proach, we were able to gain insight into specific cases of an evaporating droplet and
then apply the model to a variety of different situations through dimensionless groups.
The first factor that affects droplet evaporation is surface tension driven flow within
a droplet. Marangoni currents keep the particles suspended in the droplet for the
majority of the evaporation. This was observed experimentally by careful real-time
imaging of particle deposition and was also seen in the simulations which accounted for
thermal variation within an evaporating droplet. Experimental videos also revealed
that when there are two different sized particles, the larger particles deposit on the
contact line first, but are geometrically constrained by the contact angle and cannot
reach the outer edge of the contact line. Then, the smaller particles travel around
the larger particles to deposit at the outer edge of the contact line leading to the
separation by size. Once the large particles have reached the maximum packing con-
centration, the smaller particles cannot travel around them. This is why Marangoni
currents and keeping the particles suspended longer (to prevent max packing early
on in the evaporation) is essential for particle separation. In addition, low particle
concentrations are needed for separation to avoid maximum packing, which was re-
ported in previous investigations as well as observed in our own research.
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The reason that larger particles reach the contact line first is explained by the dimen-
sionless groups in the convection diffusion equation. The Péclet number scales with
particle radius, which means a larger particle will follow the fluid streamlines more
closely than the smaller particles and accumulate more rapidly at the contact line.
Second, it was shown that gravity effects particle deposition. Experimentally, 1 µm
and 3 µm sized polystyrene particles within aqueous sessile and pendant droplets
were evaporated. In the sessile droplets, a ring was formed composed of both particle
sizes, which agrees with the findings from years of literature reports. In the pendant
droplet evaporation experiments, the particle ring was wavy and contained only 1
µm particles. All of the 3 µm particles were in the center of the droplet. Gravity
pulled the particles away from the contact line. The 3 µm particles never reached the
contact line and the 1 µm particles eventually reached the contact line, but not as
quickly as in a sessile droplet, which lead to the wavy contact line in pendant droplets.
Computationally, a modified convection diffusion equation was proposed to simu-
late the different deposition profiles in pendant and sessile droplets. A dimensionless
gravitational Péclet number (PeG = mglc/kBT ) was used to account for gravitational
forces on the particles. The model matched experiments well, showing larger parti-
cles gathering at the center of the pendant droplet and smaller particles gathering at
the edge. A phase plot was generated with three different particle profiles (bullseye,
centered, and ring patterns) for various PeG, Pe, and Da numbers.
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The presence of buoyancy-driven flow in an evaporating droplet was also examined.
Buoyancy-driven flow was often neglected in prior studies on evaporating droplets.
Droplet evaporation with and without buoyancy-driven flow were simulated to de-
termine when buoyancy-driven flow is important. A phase plot of the Marangoni
number (Ma) versus the Gravitational Bond number (G) was created to examine the
range for when buoyancy-driven flow dominates the evaporating flow profile the most.
Finally, two experimental studies were conducted on specific aspects of particle sep-
aration. The first was on surface roughness. Three different surfaces were used with
varying roughness values for evaporation experiments. The rough surfaces impeded
particle separation and only on the smooth silicon surface did the separation occur.
Second, contact line de-pinning was investigated. It was determined that de-pinning
does not improve particle separation as originally thought, but actually decreases the
degree of separation because the particles do not have adequate time to separate based
on geometric constraints before the de-pinning occurs. This result also supports our
conclusions on the study of particle separation and the role of Marangoni currents.
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7. RECOMMENDATIONS
For future studies, I recommend three follow up projects. The first study is on sur-
face roughness. Although I briefly analyzed the correlation between surface roughness
and particle separation, this study was by no means complete. A challenge with this
project will be the two-dimensional model used for this research. With the assump-
tion of an axisymmetric droplet, the closest to surface roughness that can be achieved
is varying depths of concentric rings on a surface. Despite this challenge and the po-
tential computational power needed for a three-dimensional model, the experimental
results clearly show that surface roughness affects particle deposition. In addition,
for practical particle separation applications, many surfaces could be used.
Second, the effect of temperature on particle separation in droplet evaporation can
be further investigated. Experimentally, the research in this work looked only at 0%
humidity environments. During the de-pinning experiments one major influence was
that the droplet depinned rapidly, which did not allow time for the particles to sepa-
rate. A humid environment with a heated substrate could allow time for the particles
to separate while still having a de-pin process. Additionally, an insulating heated
substrate (such as glass on a hot plate) could be used to reverse the direction of the
Marangoni currents and lead to different particle deposition profiles. Computation-
ally, this could be accomplished by modeling the temperature profile in the substrate.
Finally, the effect of surfactants in a droplet could be investigated both computation-
ally and experimentally. Surfactants can cause Marangoni currents that are stronger
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A.1 Region Definition of each Domain
There were two different domain tessellations: seven regions and fourteen regions.
The 14 region tessellation was chosen when an extra element of control was needed
to focus the mesh close to the liquid-gas surface or the solid-liquid surface. Figure
A.1 shows the seven region tessellation and Figure A.2 shows the fourteen region
tessellation. In both region options, the droplet surface always has a constant
Figure A.1. Regions 1, 2, and 3 are inside of the droplet. Three
regions are used to maintain the quadrangular shape of every element.
Regions 4 and 5 are fixed close to the drop’s surface to ensure accurate



















Figure A.2. Regions 1-8 (green color) are inside the drop. Regions 9-
12 are outside of the drop (blue color). The ξ and η directions are the
same in the fourteen region setup as in the seven region setup, with
region seven being the pivot point for the ξ/η switch (as with region
three in the seven region setup). Note that in this region tessellation
the edge of the gas domain is curved, as in the seven region setup.
ξ = 1 value and the substrate surface always has a constant η = 0 surface. Having a
constant ξ or η value at the drop surface is important to apply the surface integrals
continuously.
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A.2 Problem Formulation to Solve for an Evaporating Droplet
Inside an evaporating droplet, the fluid flow is governed by the momentum equation
(A.1) and the continuity equation (A.2).
∂ṽ
∂t̃
+ ṽ · ∇̃ṽ = 1
ρ
∇̃ · T̃ (A.1)
T̃ = −p̃+ µ[∇̃ṽ + (∇̃ṽ)T ]
where ṽ is the deminsional velocity vector, T̃ is the deminsonal stress tensor, t̃ is
deminsional time, ρ is density, and µ is the viscosity.
∇̃ · ṽ = 0 (A.2)
Outside of the droplet, the vapor concentration is governed by the Laplace equation.
∇̃2c̃ = 0 (A.3)
A.2.1 Nondimensionalization
There are several ways to nondimensionalize the governing equations depending on
appropriate length and time scales. First we will define the dimensionless variables
in terms of the characteristic scales. In each of the following expressions, Xc repre-






















If we plug these expressions into the dimensional momentum equation (Equation A.1),












where µ is the fluid viscosity and pc = µvc/lc is the characteristic pressure within
the stress tensor T. Similarly, we can plug in the dimensionless variables into the
continuity equation (Equation A.2).
1
lc
∇ · vvc = 0 (A.10)
which reduces to,
∇ · v = 0 (A.11)
Applying the same method to the dimensional Laplace equation,
1
l2c
∇2ccc = 0 (A.12)
which reduces to,
∇2c = 0 (A.13)
Equation A.11 and Equation A.13 are the dimensionless continuity equation and di-
mensionless Laplace equation, respectively, but we still need to define the character-
istic lengths for this specific problem to obtain a dimensionless momentum equation.












where J̃ is the evaporative flux out of the droplet, R is the radius of the drop, cvap is
the saturation vapor concentration, and D is water vapor diffusivity into air. Plugging
















+ReCav · ∇v = Ca∇ ·T (A.15)
where the Reynolds Number, Re = ρvcR/µ and the Capillary number, Ca = µvc/γ.
In summary, Equations A.11 and A.15 are the two dimensionless governing equa-
tions for the evaporating fluid within a drop and Equation A.13 is the dimensionless




















Figure A.3. The figure on the left shows the mesh originally defined
before the simulation is run and the figure on the right shows the mesh
after the elliptic mesh equations adjust the nodal positions. Both
figures show only the elements inside of the drop (for visual clarity).
There are 300 elements inside of the drop for this simulation.
A.3 Elliptic Mesh
The elliptic mesh equations are used both to track the free boundary interface and
to optimize the orthoganality and distribution of elements automatically. Figure
A.3 shows both a mesh defined and the mesh after adjustment with the elliptic mesh
equations. The following formuation takes the elliptic mesh equations described in [89]
















































































































In the elliptic mesh expresions (Equations A.16 and A.17) f(ξ) and g(η) can weight
the mesh in a specific area, ε1 and ε2 define how much f(ξ) and g(η) can control the
mesh weighting, and M1 and M2 define how much the mesh can be weighted on the
surface. We can expand some terms from Equations A.16 and A.17 as follows,


















We do not have expressions for ∂ξ/∂r, ∂ξ/∂z, ∂η/∂r, or ∂η/∂z, but with the following
manipulation we can find an equivalent to these terms. First, dξ and dη can be

















































where J = (∂r/∂ξ)(∂z/∂η)− (∂r/∂η)(∂z/∂ξ)



























which gives us the following expanded expressions,


























A.4 Particles in the Droplet




+ ṽ · ∇̃c̃p = Dp∇̃2c̃p (A.21)
where ˜ represents a dimensional quantity, cp is the particle concentration, and Dp is
the diffusivity of particles in the drop medium.
A.4.1 Nondimensionalization of the convection diffusion equation





where cpc is the characteristic particle concentration, which is the initial particle con-
centration in the droplet. Replacing the dimensional variables with their equivalent












Dividing both sides of this equation by Dpcpc/l
2
c and substituting in the expression for





+ v · ∇cp
)
= ∇2cp
When there are two different particle sizes, we have two convection-diffusion equa-












+ v · ∇cp2
)
= ∇2cp2
where the Peclet number is defined as Pei = lcvc/Dpi and i = 1, 2 is the particle
number. This equation governs particle concentration inside the droplet.
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A.4.2 Finite element formulation for particle concentration governing equation
At the liquid-solid surface, the boundary condition is
n · ∇cp = Dacp −Da−1Γ (A.23)
where Γ is the concentration of particles on the substrate surface. Putting this bound-
ary condition into the surface integral portion of the particle residual,
Rip =
∫
(−Dacp +Da−1Γ)φir + · · · = 0
where s is the substrate surface. We now have an extra variable, Γ, which is the
concentration of particles on the surface, so we need an extra equation to solve for Γ.
The extra equation is,
dΓ
dt
− vs · ∇sΓ = Dacp −Da−1Γ (A.24)
























µ = µ◦ + kBT̃ ln c̃p + V (r)
where µ is the chemical potential, and not the viscosity and V (r) is the potential
field. Substituting in F = −∇V (r) and rearranging,
∂c̃p
∂t̃
+ ṽ · ∇̃c̃p = Dp∇̃2c̃p −
Dp
kBT̃
∇̃ · (c̃pF) (A.25)
where F is the gravitational force (F = mg).
A.5.1 Nondimensionalization of gravitational equation















∇ · (cpF) (A.26)
Dividing both sides of this equation by Dpcpc/l
2
c and substituting in the expression for


























where Ĉp is the specific heat, T is the temperature, k is the thermal conductivity,
and Hv is an external energy source. Thermal conductivity is not removed as a
constant because it changes as the temperature changes. Although in this work
thermal conductivity is assumed constant, the derivation was done in the more general
way (assuming that thermal conductivity is a variable). Expanding the second term





+ ṽ · ∇̃T̃
]
= ∇̃k · ∇̃T̃ + k∇̃2T̃ +Hv (A.28)
Using the nondimensional expressions from Equation A.4 and the following new nondi-





where T∞ is the temperature of the ambient air and T0 is the temperature of the
substrate that the drop sits on (which is constant for this problem). For simplicity,













∇k · ∇(T + Tmin) + k∇2(T + Tmin)
]
+Hv (A.30)
Although the thermal conductivity, k, changes with temperature, we can nondimen-
sionalize it by dividing each term by initial thermal conductivity, k0. At this point
we can also remove the Hv term because for the drop drying application, there will









∇k · ∇T + k∇2T
]
= 0 (A.31)
where the Péclet number is P̂ e = vclc/α and the thermal diffusivity α = k0/ρĈp.
Note that this Péclet number is different than the Péclet number used earlier in the
concentration equations and has been denoted withˆto indicate the difference.
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A.6 Matrix Derivatives in the Finite Element Formulation
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r|J |dξdη = 0 (A.34)
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The derivatives for the momentum residuals and the continuity equation residual are
taken with respect to each unknown as outlined in the Jacobian matrix in Equation




























































































































































































)2 − φir2 φj


















































































































































































































































































































































































































































































































































































































































































































































































































































































































ρ̃ = −4× 10−6T̃ 2 − 5× 10−5T̃ + 1.0005 (A.36)





































= −8× 10−6T − 5× 10−5 (A.42)
∂(∂ρ/∂r)
∂rj









































































































































































































)2)2 2 ∂r∂η ∂φj∂η
 · ··








































(−∂z∂η 1J2 ∂J∂r ∂φi∂r + ∂z∂η 1J ∂(∂φi/∂r)∂rj − ∂φj∂η 1J ∂φ
i
∂z




































































































































































































































































































































































































































































































































































































































































(−∂φj∂ξ 1J ∂φi∂r + ∂z∂ξ 1J2 ∂J∂z ∂φi∂r − ∂z∂ξ 1J ∂(∂φi/∂r)∂zj − ∂r∂ξ 1J2 ∂J∂z ∂φ
i
∂z





















































































































Recall the residual for the kinematic boundary condition (Equation A.49). When
a node falls on the droplet liquid-gas interface, the kinematic boundary condition























φirdη = 0 (A.49)
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The kinematic boundary condition is only applied to nodes on the liquid-gas drop
interface. In these nodes, the Riξ residual and its derivatives are no longer calculated,
they are replaced with the kinematic boundary condition.

















Taking the derrivates of Equation A.50 with respect to each of our unknowns, we
































































































































































φi + · · ·




















































































































+ v · ∇cp
)















































+ v · ∇cp
)

















At the surface of the drop, the boundary condition is
ns · ∇cp − Pens · (v − vs) = 0





















































































































































































At the liquid-solid surface, the boundary condition is
n · ∇cp = Dacp −Da−1Γ (A.51)
where Γ is the concentration of particles on the substrate surface. Putting this bound-
ary condition into the surface integral portion of the particle residual,
Rip =
∫
(−Dacp +Da−1Γ)φirds+ · · · = 0 (A.52)
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φi + · · ·



















































































































+ v · ∇T
)















































+ v · ∇T
)
















Figure A.4. The left mesh has the following parameters M1 = M2 =
ε1 = ε2 = 0 and εs = 1. The right mesh has the following parameters:
M1 = M2 = 500, ε1 = ε2 = 0, and εs = 1. There are 4,600 elements
inside the droplet for all simulations. The large gap between elements
at the bottom right corner occurs because the elliptic mesh code tries
to keep the angles inside each element close to 90. On the right, the
large values of M1 and M2 allow the elements on the boundary to
space the elements more evenly at the contact line of evaporation.
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A.8 Density of Water
Figure A.5. This graph is the data from [83] plotted and fit with
a second order polynomial. The fit for a second order polynomial




Figure A.6. On the left is a negatively charged particles surrounded
by positively charged ions. The thick red line represents the position
of the electric double layer. The potential at this distance is the zeta
potential. The graph on the right shows the potential as a function of
distance with a thick red line representing where the electric double
layer (and zeta potential) would be. As the charged ions in solution






Purdue UniversityWest Lafayette, IN 2011-2015
Ph.D. in Chemical Engineering
M.S. in Chemical Engineering
M.S. in Engineering Education
Georgia Institute of Technology Atlanta, GA 2006-2010
B.S. in Chemical & Biomolecular Engineering with high honors
RESEARCH & WORK EXPERIENCE
Transport Phenomena West Lafayette, IN 2011-present
• Finite element modeling of drop drying, liquid bridges, dripping, and flow cytometry
• Experiments in drop drying and particle separation
• Experiments in electrodispersion
• Experiments in electrokinetic remediation of concrete
• Advised and trained 8 undergraduate students
GT Nanotechnology Research Center Atlanta, GA 1/2008-8/2010
• Process development in nanotechnology
• Independent research on nanofluidics fabrication using polynorbornene
• Advised and trained 18 graduate students (specifically with electron beam lithography)
GT Microdneedles Lab Atlanta, GA 8/2007-8/2008
• Performed drug delivery experiments using high performance liquid chromatography experi-
ments on sclera (eye) tissue
• Fabricated microneedles
Molecular Biology & Genetics Lab District of Columbia 5/2005-8/2005
158
• Research student, performed biotech experiments in cytotoxicology and gene manipulation
TEACHING & COMMUNICATION EXPERIENCE
TL;DR Engineering Videos 2015-present
• Developing short, entertaining educational videos on engineering principles
Course Development 2014-present
• Developed a course safety course for first year graduate students
Teaching Assistant for undergraduate fluid mechanics Spring 2014
• Taught several lessons
• Designed and taught a unit on dimensionless numbers
American Society of Engineering Education Conference 2014
• Attended conference talks and workshops
Mentor 2013-present
• Mentored first year graduate students (3 total)
Outreach Science Lessons at Murdock Elementary 2012-2014
• Taught lessons for 3rd and 4th graders from 2012-2013
• Organized and taught lessons for 3rd graders from 2013-2014
Teaching Assistant for graduate-level transport phenomena Fall 2012
Teacher/Tutor in Kathmandu, Nepal Spring 2011
• Taught math, computers skills, and English to Nepali orphans of varying ages
Tech Tutors 2008-2009
• Tutored high school students in math, chemistry, and SAT prep
Mentors & Mentees Program 2008-2010
• Mentored undergraduate students in engineering
PUBLICATIONS, PATENTS, & PRESENTATIONS
Publications
1. In progress: Devlin, N.; Harris, T. The Importance of Gravity in Droplet Evap-
oration: A Comparison of Pendant and Sessile Drop Evaporation with Particles.
Anticipated 2015.
159
2. Accepted: Devlin, N.; Loehr, K.; Harris, T. Deposition of Two Different Sized
Particles during Droplet Evaporation: Very Dilute Systems. AIChE Journal,
2015. manuscript # AIChE-15-17048.R1
3. In progress: Devlin, N.; Harris, T. Is Buoyancy-Driven Flow Significant in an
Evaporating Droplet? Anticipated 2015.
4. Devin, N.; Brown, D.; Fabricating millimeter to nanometer sized cavities concur-
rently for nanofluidic devices, Journal of Vacuum Science Technology B, 2010,
28(6), C6—7-C6—10.
5. Devlin, N.; Brown, D.; Kohl, P; Patterning decomposable polynorbornene with
electron beam lithography to create nanochannels, Journal of Vacuum Science
Technology B, 2009, 27(6), 2508-2511.
Patent
1. Patent pending: Devlin, N.; Valverde-Paniagua, C.; Tandy, Y. Filament for 3D
Printing. United States Serial No. 61/970,577, PRF Ref. No. 2014 SOY-66808-
01, 2014.
Presentations
1. Lecture at Engineering Education Seminar Series, 2015. Using Brief Videos to
Increase Student Comprehension in Fluid Mechanics.
2. Lecture at Engineering Education Seminar Series, 2015. Course Material Devel-
opment for a Graduate-Level Safety Class.
3. Oral Presentation at American Institute of Chemical Engineers Conference,
2014. Separation of Particles during Droplet evaporation.
4. Poster Presentation at American Institute of Chemical Engineers Conference,
2014. Using the Finite Element Method to Model an Evaporating Droplet.
5. Poster Presentation at Computation Sciences and Engineering Conference, 2014.
Dynamics of Drop Drying and the Coffee-Ring Effect.
160
6. Oral Presentation at American Physics Society Division of Fluid Dynamics Con-
ference, 2012. Contraction Dynamics of Planar Liquid Filaments.
7. Poster Presentation at the Electron, Ion, Photon Beam & Nanofabrication (EIPBN)
conference, 2010. Fabricating millimeter to nanometer sized cavities concur-
rently for nanofluidic devices
8. Oral Presentation at the EIPBN conference, 2009 Patterning decomposable poly-
norbornene with electron beam lithography to create nanochannels
9. Poster Presentation at the Association for Research in Vision and Ophthalmol-
ogy conference Patel, S.; Devlin, N.; Bandari, S.; Edelhuaser, H. F.; Prausnitz,
M. R. Drug Binding to Sclera
SKILLS
• Programming in FORTRAN and Matlab
• Linux/Unix operating systems
• LaTex document writing
• Tecplot data analysis
• Laboratory management and safety
• Scanning Electron Microscopy
• Atomic Force Microscopy
• Electron Beam Lithography
• Language skills: Proficient: French, Conversational: Tamil (plus basic reading and writing)
HONORS & AWARDS
Purdue Outstanding Service Award 2015
National Science Foundation Graduate Research Fellowship 2011-2014
First place in Soy Innovation Competition, Purdue University 2014
First place poster in Computational Science and Engineering Student Conference
2014
Womens Initiative Committee Conference Scholarship 2014
Eastman scholarship 2012
161
Purdue Faculty Fellowship 2011
Wohlford Scholarship , Georgia Tech 2010
Progress & Service Award, Georgia Tech 2010
EIPBN scholarship 2010
Women in Engineering Scholarship, Georgia Tech 2007
SERVICE & ACTIVITIES
Leadership
Graduate Student Organization President 2014-present
Graduate Women Gatherings Chairperson 2013
Run for Success (a charity 5k race) Founder and Organizer 2010
Nicaraguan orphanage outreach, organizer and leader 2010
Organization & Teamwork
Purdue Strategic Planning Committee Member 2014
Women of Chemical Engineering Seminar Organizer 2014
Graduate Committee Member 2012-2013
Graduate Student Organization First Year Representative 2012-2013
Outreach
Graduate Student Organization Outreach Chair 2013-2014
High School Girls Engineering Camp Mentor 2012
Introduce a girl to engineering day volunteer 2012-2014
Amazi International, website designer and volunteer in Nepal 2011-2012
Jamaican orphanage, worker 2009
AΩE (Engineering Sorority) Philanthropy Chair 2007-2010
Professional Societies
American Society of Engineering Education Member 2014-present
American Physics Society Member 2012-present
American Institute of Chemical Engineers Member 2007-present
